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Abstract

This note advocates the following simple modi�cation of current

practice quantity control. Every �rm is allowed to exceed the quota

quantity speci�ed by its permit holding. If it does, however, it must

pay a tax. On the other hand, if the �rm emits less than the speci�ed

quantity, it is granted a reward. With a fully competitive market for

permits, the planner can induce the �rst best outcome by equating

the rate of the tax/reward scheme with marginal damage.
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1 Introduction

Environmental degradation a¤ects welfare in many societies. Quite often,

emissions of pollutants into local or global commons cause substantial welfare

loss to many parties. The regulation of these emissions has therefore acquired

notable priority. One of the decisive factors for the outcome is the choice of

control instruments.

Kaplow and Shavell (2002) remark that the traditional view regarding

which instrument to use has changed among economists. Before the in�u-

ence of Weitzman�s (1974) article on "Prices vs. Quantities", the linear-tax

instrument was considered superior to quantity control. The prevailing view

today is that either instrument could prove superior over the other.

In the case of an industry creating strictly convex damage while having

private knowledge about abatement costs, both linear tax control and quan-

tity regulation fail to attain the optimal solution. To obtain such e¢ ciency,

a non-linear approach might be necessary.1 For example: Collinge and Oates

(1982) and Roberts and Spence (1976, appendix) propose a modi�cation of

a conventional tradable quantity scheme. Their approach is to simulate non-

linear taxation by making the total supply of permits dependent on demand.

More recently, Kim and Chang (1993) propose a di¤erential damages tax.

Speci�cally, each �rm is charged total damages caused by the industry, mi-

nus the damages that would have resulted had that �rm emitted nothing.

However, none of these options have yet been adapted for practical use. One

1An e¢ cient result is also achievable with revelation mechanisms: See e.g. Kwerel
(1977), Duggan and Roberts (2002). Dasgupta et al. (1980) prove that it is always possible
to induce a truth-telling mechanism and thereby a Pareto e¢ cient outcome provided �rms�
optimal pollution levels fall when their marginal costs of pollution rise.
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reason, perhaps, can be traced to a common understanding that non-linear

instruments may result in "considerable administrative di¢ culties" (Myles,

1995).

The scheme proposed in this paper might reverse that conception. In fact,

regulation that employs non-linear elements may incur less administration

than prevailing controls. The �rst reason is that non-linear schedules, just

like quantities, can be coupled with permits traded in a market with a �xed

supply of licenses. Further, the process of �nding the optimal scheme in this

case merely requires information about marginal damage. In contrast, the

process of determining the optimal linear tax or the optimal total quantity

also requires information about the entire pro�le of abatement cost functions.

The advocated scheme implements a scenario proposed by Weitzman

(1978). In this scenario, he assumes that the planner can set tax functions

for each �rm that are independent of other �rms�actions. The advantage of

this setting is that companies avoid problems with information and strategic

choice. Moreover, when the planner can characterize the probability distri-

butions of all relevant random variables, he can equate individual tax rates

with marginal damage. Firms will then choose their level of emissions so that

the realized outcome becomes Pareto optimal. In short, a system emerges

where each and every polluter solves the same optimization problem as a

benevolent, well-informed planner.2

For simplicity, Weitzman assumed a rather heavy informational burden

on the planner. The proposal of this paper, in contrast, only requires that

2Loeb and Magat (1979) suggest a similar approach for regulating a monopolist when
costs are unknown.
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the planner is aware of marginal damage. He uses that information to levy a

non-linear schedule on the industry�s emission which coincides with the total

damage.3 The tax is distributed among �rms such that each �rm pays a fee

that depends solely on its own emission. The individual tax function then

contains a parameter construed as a share permit. The role of this parameter

is to give the holder of a speci�c amount of permits a tax advantage compared

to those �rms bestowed with lower share holdings. Consequently, shares are

in demand and they are marketable. In this way, the promoted concept of a

schedule that can be traded is justi�ed.

For the purpose of simplifying this introductory study of the scheme,

we start by assuming optimizing and price taking behaviour on the part of

all �rms. Then, with a �xed supply of permits, they will be relieved from

strategic considerations and each of them will buy the number of permits

and select the emission level that makes the outcome Pareto e¢ cient. In this

equilibrium, the sum that each �rm is willing to allocate for permits and the

sum that it pays for its emission, add up to what the company would spend

when facing a full information Pigouvian unit tax.

The paper is organized in the following way: Section 2 speci�es the basic

model we use. The proposed scheme and its characteristics is spelled out

in detail in Section 3 which is the main section of this paper. In Section 4

we discuss some extensions of the scheme: how to ensure that the expected

budget of �rms will be in balance and; what the implications are regarding

the e¢ ciency of the scheme if some �rms were allowed to be more fully

3Kaplow and Shavell (2002) investigate the case of (independent) uncertainty about
damage caused by a single polluter. They �nd the (second-best) optimal non-linear tax
to be equal to the expected harm schedule.
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strategic. The last section concludes with some remarks.

2 The model

There are a �nite number n of �rms, each of which emits a homogeneous

pollutant into (local or global) commons. In the absence of regulation, com-

pany i (= 1; ::; n) has bene�ts B0i of creating emission e
0
i � 0. When �rms

are subject to control, each �rm i reduces emission to ei � e0i . Remaining

private gross bene�ts is then the amount given by the function

Bi (ei) (1)

where Bi (e0i ) = B
0
i , B

0
i (ei) > 0 and B

00
i (ei) < 0.

Write e :=
P
ei as shorthand for the aggregate emission level. Let aggre-

gate economic damage caused by emissions, as measured in monetary terms,

be given by the function

D (e) (2)

where we assume that D (0) = 0, D0 > 0 and D00 > 04.

A full-information welfare optimum solves the problem

max
ei�0;8i

X
Bi (ei)�D

�X
ei

�
: (3)

4The case where D00 = 0 is trivial. It is well known that the �rst-best optimum in this
case is attained by a linear tax equal to D0.
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Supposing interior solutions, the necessary optimality condition is

B0i (ei) = D
0 (e) (4)

for all i. Since the objective in problem (3) is strictly concave, condition (4)

is also su¢ cient, and the optimum is unique.

Environmental regulation is performed by a central agent bestowed with

the authority to implement an e¢ cient payment system of his own prudent

design. In this endeavor he must contend with merely knowing the damage

function D (�). Since bene�t functions Bi (�) represent private information,

the planner has no a priori knowledge about optimal emission levels. We

posit though that he can observe each �rm i�s discharge ei in the aftermath.

We require that each �rm shall be a price-taking pro�t-maximizing entity,

having the property of being well-informed about data that pertains directly

to itself.

3 The transferable schedule scheme

The regulator�s task would be easy if merely one �rm were polluting. Then,

as Loeb and Magat (1979) suggest, by charging D(e) as total indemnity, the

company would internalize the damage it creates and voluntarily choose the

optimal emission. If the planner, in the case of an industry with n equal

�rms, simply had charged each of them for their share of total damages

1=nD (
P
ei), companies would have faced strategic concerns and played a

game where the outcome would have been an ine¢ cient Nash equilibrium.
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Thus, to induce e¢ ciency in the "n equal �rms"-case, the regulator would

specify individual tax functions as 1=nD (nei). Noticing that equal ei�s would

assure e = nei, we can discern that �rm i would face the same tax rate

D0 (nei) as the regulated company in a one-polluter industry. As a result,

optimal discharges would be realized.

A broader interpretation can be conjectured: If the planner were in the

possession of adequate information to foresee the relation between the ex

post optimal outputs of �rms, - the share 1=n introduced above would be

replaced by an optimal entity si that the planner would be able to assign

for each �rm. That entity should be construed as �rm i�s holding of share

permits, of which there is a total of
P
si := 1. The individual tax function

is now formulated as

ti = T (ei; si) := siD

�
ei
si

�
(5)

where, as previously stated, ei is the amount of pollutant emitted by �rm

i. This tax function - together with the optimal share distribution - would,

as in the "n equal �rms"-case, ensure a series of optimal choices within the

industry.

As assumed in this paper, however, the planner knows nothing about the

�rms�bene�t functions and therefore he cannot directly expedite an e¢ cient

share distribution. But he can circumvent the information problem. Since

the rate of the scheme @fi=@ei = D0 (ei=si) increases with its argument ei=si,

a higher si value for constant ei means a higher marginal income. Thus, a

high si appears worthwhile to �rm i. We can then presume a mechanism
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where �rms acquire share certi�cates in a permit market with a �xed supplyP
si = 1, and where �rm i�s holding of si is veri�able at the moment the

planner calculates the tax/reward amount (5) on realized emission.

Assuming fully competitive exchanges, there should be a market-clearing

price � per unit of si, satisfying the complementarity condition5

X
si � 1 � 0, � � 0, �

�X
si � 1

�
= 0. (6)

Firm i, while seeking to maximize its pro�t, faces the decision problem

max
ei�0;si�0

�
Bi (ei)� siD

�
ei
si

�
� �si

�
. (7)

Assuming interior solutions to (7) the two necessary optimality conditions

are

B0i (ei) = D
0
�
ei
si

�
(8)

� =
ei
si
D0
�
ei
si

�
�D

�
ei
si

�
: (9)

Proposition 1. Conditions (8) and (9) are su¢ cient for an interior solu-

tion of problem (7).

Proof. It su¢ ces to show that (ei; si) 7! siD(ei=si) is convex. For

this purpose recall that such convexity follows if and only if the Hessian

of siD (ei=si) is positive semide�nite (see Sydsaeter and Hammond, 1995,

5The initial allocation of permits is irrelevant (Montgomery, 1972). Alternatively, we
may assume that the government auctions o¤ the shares.
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Theorem 17.13b). The said Hessian equals

1

si
D00(ei=si)

264 1 �ei=si

�ei=si e2i =s
2
i

375 :
The eigenvalues 0 and D00(ei=si) (e

2
i + s

2
i ) /s

3
i are nonnegative. Finally, to

complete the proof, invoke the following (Sydsaeter and Hammond, 1995,

Theorem 15.2b): A symmetric matrix is positive semide�nite if and only if

all eigenvalues are � 0. �

Proposition 2. Suppose the constraint
P
si = 1 is enforced. Then si,

for all i, will be distributed among �rms such that consistency is obtained.

That is,

e =
ei
si
for all i. (10)

Proof. Equation (9) expresses � by ei=si. Let the function G account for

this expression. That is, let ai := ei=si and posit from (9)

� = G (ai) := aiD
0 (ai)�D (ai) .

Note that G0 (ai) = aiD00 (ai) > 0. This tells that G is a strictly increasing

function. Hence, G is invertible and ai = G�1(�). So all ai are equal, and we

are justi�ed in setting a := ai for all i. Moreover, a = ei=si implies ei = sia:
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Summing up the last expression over all i yields

e :=
X

ei = a
X

si = a,

and the desired assertion follows. �

Equation (9) is the inverse demand function for share permits for �rm i.

The demand depends on its emission and consistency (10) implies that in

equilibrium no �rm buys more share permits than it needs. The result (10)

also implies that (4) is equivalent to (8) for all i. Hence, each company solves

the same problem as a seemingly well-informed social planner. This entails

Proposition 3. The tax rule (5) and the enforcement of
P
si = 1, yields a

socially optimal level of pollution for all i.

Note that (10) also implies

� = eD0 (e)�D (e) (11)

wherefrom follows

Proposition 4. For each �rm, the fee (5) plus expenses for si is equal

to

T (ei; si) + �si = D
0 (e) ei: (12)

This sum matches the tax that each �rm would pay facing the full-information
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Pigouvian unit tax � := D0(e).

4 Extensions

The results of the previous section can be extended in at least two interesting

ways.

4.1 Budget balancing

In the above section, �rm i�s holding of share permits is more speci�cally

de�ned as si := qi=q where qi is the quota holding of �rm i and where q =
P
qi

is the total amount of quotas issued. Contrary to a traditional quantity

system, however, polluters always pay for their emissions. Therefore, to

retain the appearance of the proposed regime as a quota system, and not a

tax system, a modi�cation is required. The modi�cation that ensures that

a �rm�s budget is in balance when it happens to comply with the quota

quantity, is simply to subtract the amount

ri = R (si) = siD (q) (13)

from �rm i�s payment to the regulator. This personal rebate descends from

the sum determined by the tax function siD (ei=si) when ei = qi. The en-

forcement regime is now formulated as an "optimal response to noncomplience"-
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scheme consisting of the individual deduction of the positive or negative sum

fi = F (ei; si) := T (ei; si)�R (si) : (14)

The rebate (13) being solely (and linearly) dependent on si causes an increase

@ri=@si = D (e) in the price of the share quota. Denoting this new price as

p the altered inverse demand function can be written as

p = �+D (q) (15)

where � is the unfettered price given by equation (9). It is easy to show that

proposition 2 still holds ground, and consequently also proposition 3. The

corresponding proposition 4, that F (ei; si) + psi = D0 (e) e, is also true.

4.2 Imperfect permit markets

The assumption of the model that �rms exhibit price taking behaviour may

be a reasonable approximation for instance in the case of controlling emis-

sions in industries facing the European Carbon Market.6 The suggested im-

plementation might however also be useful if �rms were allowed to be more

strategic. Although strategic behaviour in the permit market might lead to

6The EU ETS (European Union Emission Trading Scheme) was launched on January
1, 2005 as a cornerstone of EU climate policy towards its Kyoto commitment and beyond.
In its �rst phase from 2005 to 2007, the EU ETS regulates CO2 emissions from energy
intensive installations representing some 40% of EU emissions. Those emissions are capped
at 6,600 MtCO2 over the period. (Capoor and Ambrosi, 2007)
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ine¢ ciencies, losses due to market power can be lower compared to the level

that for instance Hahn (1984) predicts for the traditional cap-and-trade sys-

tem. A simple argument supporting this view is that the competitive fringe

of �rms in our regime has the option to make use of the tax/reward system

for their own bene�t. This may happen in the following way:

Proposition 5. If the price of permits is higher than in competitive equilib-

rium, a price taking �rm will buy a lower amount of permits than the amount

it chooses to emit. The opposite is also true.

Proof. For all �rms the condition (8), with si = qi=q, implicitly de�nes

an emission reaction function ei (qi). Di¤erentiation with respect to qi and

manipulation yields

e0i (qi) =
ei
qi

D00 (ei/ si)

D00 (ei/ si)� siB00i (ei)

or written as the elasticity of ei with respect to qi

Elqiei =
qi
ei
e0i (qi) =

D00 (ei/ si)

D00 (ei/ si)� siB00i (ei)

Since D00 > 0 and B00i < 0, the elasticity Elqiei is always less than one. Hence,

emission is relatively inelastic with respect to a change in the share holding.

The desired assertion follows since a competitive �rm only buys more permits

than it needs when the price is too low and vice versa. �
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Derived from this proposition, we can assume that manipulating �rms will

to a lesser extent be able to use their market power. Hence, in comparison

to the traditional quota system, e¢ ciency losses due to strategic behaviour

in the permit market may diminish.

5 Conclusion

This paper introduces a simple, yet powerful, tool for controlling a multiple

�rm industry creating strictly convex damages. When individual emissions

can be observed and markets for share permits are fully competitive, the

regulator can induce the �rst best optimum by merely knowing the marginal

damage on the environment. Each �rm can act prudently as if it were in a

competitive situation, void of problems with information and strategic choice.

While the tax/reward scheme leads �rms to internalize environmental costs,

the market mechanism, being part of the scheme, ensures optimal distribution

of the permits. The total payment equals that caused by a linear Pigouvian

tax. The overall scheme can thus be construed as a Pigouvian tax regime

where �rms themselves choose the optimal total emission and thereby also

the optimal tax level.

The proposed system, in the case that some �rms have market power,

might be more e¢ cient compared to a traditional "cap-and-trade"-system.

The reason is that permits and actual emissions must not always coincide.

Thus, small �rms may �nd it more pro�table to use the tax/reward system,

rather than being exploited by the big polluters�manipulative measures.

One argument, which could be used against the applicability of strictly
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convex tax/reward functions in practice, is that it may be too complicated

for the regulated parties. Although this may be true, we should not under-

estimate the natural human ability to learn if given an opportunity to do so,

and, as a result, adapt to complex situations. A quadratic approximation of

the non-linear function might in reality be a sensible choice. In that case, the

computation of the non-linear part of the tax/reward scheme merely involves

the determination of the area of a (right-angled) triangle. The alternative

approach, suggested by Roberts and Spence (1976), which uses a function

consisting of two or more piecewise linear segments, would probably be less

intuitive, and perhaps also more complicated

This paper advances Kaplow and Shavell�s (2002) argument about the

advantage of non-linear control measures, especially in the case of multiple

�rms. The main reason is that the non-linear instrument may be just as easy

to handle as traditional quantity control.
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