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Abstract

This article explores whether discounting can have paradoxical e�ects in models

of production involving man-made and natural capital. The natural capital good

is thought of mainly as environmental quality, but can also be interpreted as a

generic renewable resource. The natural capital good is an input into production

of a composite consumer good, but deteriorates with emissions from production.

Two basic models are considered; one where the only control variable is con-

sumption of the produced good, and one where emissions per unit of output is

considered as a second control variable. In the �rst model, it is shown that the

steady state stock of either man-made or natural capital may increase with dis-

counting. With a one-to-one relationship between the two stocks, the possibility

of paradoxical consumption behavior, where steady state welfare increases with

the discount rate, is demonstrated. In the second model, where both stocks can

be controlled separately, it is shown that conventional results will hold for the

most common production functions. Finally, a positive stock e�ect, where the

environment is included into the utility function is discussed.
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1 Introduction

Within the environmental and resource economics literature, it seems generally ac-

knowledged that a high discount rate implies not only low levels of man- made capital,

but also a deteriorated environment in the long run. However, discounting can have sur-

prising e�ects when more than one state variable is taken into account, something that

was recognized during the capital controversies in the 1960s (e.g. Ahmad, 1991). The

discounting debate has been revived in recent years in the literature on the economics

of climate change (see, in particular, Dasgupta, 2009 for a comprehensive account),

and on sustainability (e.g Beltratti et. al., 1995), but with little recognition of possible

paradoxical phenomena. The present article aims to explore whether such phenomena

may occur in models with both man-made and natural capital, and with particular ref-

erence to the integrated assessment models used in the climate change literature (e.g.

Nordhaus, 1994).

The relationship between discounting and optimal steady states in models with both

natural and man-made capital was explored in the context of �sheries by Hannesson

(1987), who showed that the conventional negative relationship between the optimal

steady state capital stock and the discount rate rate does not always hold. The same

point was made by Farzin (1984) with a non-renewable resource. Sandal and Stein-

shamn (1997) showed that the same ambiguity can arise also in nonlinear models with

one state variable only, and that in the multidimensional case all state variables may

increase with discounting. Asheim (2008) demonstrates the existence of stable 'paradox-

ical' steady states where steady state instantaneous utility increases with the discount

rate. These papers treat the natural capital stock as a production factor only, whereas

Krautkraemer (1988) focuses on the amenity value of the environment and the implied

e�ects of discounting.

In the present paper, a model where production depends on both man-made and

natural capital is formulated, where natural capital is interpreted as environmental

quality, but could also be viewed as a generic renewable resource. The social planner

aims to maximize discounted utility of the representative in�nitely-lived household,

which depends on consumption of the produced good only, except for in the last section

where amenity value is considered. Technology and population growth are abstracted

from throughout the paper, with, at least for the functional forms most commonly used

in the growth literature, modest consequences for the main results. Two main cases

are studied; in the �rst scenario consumption of the produced good is the only control
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variable with emissions being a constant fraction of output, whereas in the second

scenario emissions enter the model explicitly as a second control variable. It is shown

that either of the two capital stocks may increase with discounting in the �rst model,

and conditions for steady state welfare to depend positively on the discount rate are

also derived. In the second model it is shown that, for the most common production

functions, the e�ect of discounting on the optimal steady state stocks will be of a more

familiar type.

The rest of the paper is organized as follows. Section 2 analyzes a model where

consumption is the only control variable. The impact of discounting is seen to depend

on whether there is a trade-o� between the natural and man-made capital stocks across

candidate steady states, and paradoxical consumption behavior is possible. The section

concludes with a demonstration of stability of the optimal steady state. Section 3

includes emissions as a second control variable and shows that even though there will

no longer be a strict trade-o� between the two stocks, one of the stocks may still bene�t

from discounting, depending in particular on whether the natural and man-made capital

stocks are complements or substitutes in the reduced steady state production function.

However, for the most common production functions it is shown that conventional

results will hold. Finally, the implication of including environment and emissions into

the utility function are discussed. Section 5 sums up.

2 One control variable

In this section consumption is the only control variable, and emissions are a constant

fraction of output. First a general model is presented, in which a steady state may

exist where either the natural or man-made capital stock increases with the discount

rate, and then the stability of such a steady state in the special case of a linear utility

function is demonstrated. Output is assumed to depend on the stocks of man-made

and natural capital. Natural capital is interpreted here as environmental quality, but

can also be thought of as a generic renewable resource. The environmental stock itself

is a production factor, in the same way as the stock of a natural resource may enter

the production function in, e.g., a �shery model. Production depends on the quality

of the environment in the sense that reducing the environmental quality will harm

production (indeed, as the environmental input is assumed to be essential, production

cannot take place when the environmental quality is zero). Letting k ≥ 0 and x ≥ 0
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denote man-made and natural capital, respectively, the production function is denoted

as

y = f (k, x) .

The production function exhibits the conventional properties; fi > 0, fii < 0, i, j = 1, 2,

the two inputs are complements in production; f12 > 0, and both inputs are essential;

f (0, x) = f (k, 0) = 0. In addition, joint (weak) concavity is assumed; fkkfxx ≥ f 2
kx, so

that an interior optimum is ensured. The natural regeneration function is denoted g (x),

without initial restrictions on the sign of g′, but with g′′ ≤ 0 and g (x̄) = 0 for some

x̄ > 0. Thus g (x) may comprise various regeneration functions used in resource and

environmental models. The logistic growth function used in most renewable resource

models exhibits g′ > 0 or g′ < 0 for low or high levels of g, respectively, and g′′ < 0.

The most common regeneration function in integrated assessment models displays a

constant growth rate, such that g′ < 0 and g′′ = 0 everywhere.

Emissions, or extraction in the case of a natural resource, is modeled in this section

as a constant fraction σ of output. Growth in the two stocks is then governed by the

following equations:

k̇ = f (k, x)− c− εk (1)

ẋ = g (x)− σf (k, x) . (2)

Here c is total consumption and the parameters ε and σ are interpreted as the depreci-

ation rate of the man-made capital stock and the coe�cient of emissions, respectively.

Society maximizes discounted utility for the representative in�nitely-lived household,

where utility derives from consuming the produced good only; u = u (c), and with

u′ > 0 and u′′ ≤ 0. The current value Hamiltonian is given as

H = u (c) + λ [f (k, x)− c− εk] + µ [g (x)− σf (k, x)] ,

and the �rst order conditions read

u′ = λ (3)

λ̇ = (δ + ε− f1)λ+ σf1µ (4)

µ̇ = (δ − g′ + σf2)µ− f2λ. (5)

These conditions are also su�cient, as the Hamiltonian is jointly concave in the control
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and state variables around the optimum1. The interior optimal steady state must then

satisfy

f1 = δ + ε+
σf1f2

δ − g′ + σf2
= (δ + ε)

(
1 + σ

f2
δ − g′

)
. (6)

Setting σf2 = 0 gives the conventional steady state Keynes-Ramsey rule f1 − ε = δ,

as expected when either emissions are zero or the environment does not contribute to

production. If f1 = 0 we have g′ − σf2 = δ, meaning that the marginal product of

the natural capital good, net of the marginal emissions generated by the environmental

stock itself through its contribution to production, equals the discount rate. In general,

from (6) it can be seen that we must have δ − g′ > 0, so that g′ < 0 must hold when

the discount rate is zero. For a positive discount rate however, g′ > 0 is possible. In

the case of a logistic regeneration function, and with zero discounting, this means that

the optimal steady state stock of natural capital, x∗, is found to the right of the point

corresponding to the maximum sustainable yield (MSY), or maximum absorption ca-

pacity; x∗ > xMSY This is expected when the natural capital stock contributes directly

to production. With a positive discount rate, it may however happen that impatience

outweighs the positive stock e�ect, so that x∗ < xMSY .

As the discount rate appears twice on the right hand side of (6), the e�ect of

discounting is not obvious. An explicit expression for the relationship between capital

and the discount rate can be found by recognizing that the steady state environmental

quality can, where g′ 6= σf2, be viewed as a function of capital, x∗ = φ (k∗), from

equation (2), with
dx

dk

∣∣∣∣
ẋ=0

= φ′ =
σf1

g′ − σf2
.

Hence, whenever g′ − σf2 < 0, which always holds when g′ < 0, there is a trade-o�

between the levels of man-made and natural capital across optimal steady states. This

concurs with the notion that society must choose between a high production level and

a clean environment. The other case, where g′−σf2 > 0, implies a positive relationship

between the optimal capital stock and the optimal environmental stock. In a situation

where regeneration of the environment depends positively on the environmental stock,

which would be the case with i.e. a logistic regeneration function for low levels of

1Because fkkfxx − f2kx < 0 holds by assumption (joint concavity of the production function), the
Hessian matrix of the Hamiltonian is negative (semi-) de�nite provided that (λ− σµ) ≥ 0, which is
satis�ed around the optimal steady state, from (5).
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x, a steady state with a larger man-made capital stock would require also a larger

environmental stock to absorb emissions. This situation may thus arise for certain

forms of g (x) together with a su�ciently high discount rate, as δ − g′ + σf2 > 0

must hold. However, assuming that φ′ < 0 always, implies that there is a one-to-one

relationship between x∗ and k∗ across steady states. Then (6) implicitly de�nes k∗ as a

function function of δ, which, by di�erentiation of (6), gives the following relationship

between the discount rate and the optimal steady state capital stock k∗:

dk∗ (δ)

dδ
=

(δ − g′)2 − (ε+ g′)σf2

(f11 + f21φ′) (δ − g′)2 − (δ + ε)σ
[
(f22φ′ + f21) (δ − g′) + f2 (g′′φ′)

] . (7)

When assuming that φ′ < 0 it follows that the denominator is negative. The numerator

is positive when in addition it is assumed that g′ < −ε, in which case we have dk∗
dδ

< 0.

The implied trade-o� between capital and the environment means that the environment

bene�ts from discounting in this case; dx∗
dδ

> 0. This is however the only case where the

e�ect of discounting can be unambiguously determined from (7). On the other hand,

when −ε < g′ < 0, the sign of dk
∗

dδ
may depend on the magnitude of δ. Now it is possible

that the capital stock increases with discounting for su�ciently low discount rates, only

to decrease with discounting once δ passes some critical level. The last case to consider,

where g′ > 0, is di�cult to evaluate from (7), as the sign of the denominator becomes

ambiguous.

The situation where the stock of man-made capital increases with the discount rate

for small discount rates is of particular interest. Assume that −ε < g′ < 0. At δ = 0

steady state consumption is maximized. Let the k∗g = k∗ (0) denote this 'golden rule'

capital stock corresponding to maximum steady state consumption. When the man-

made capital stock increases for δ ∈ (0, δ1), where δ1denotes the discount rate that gives

the maximum steady state man-made capital stock, steady state consumption must

decrease. For δ > δ1 the man-made capital stock decreases, so that at some δ = δ2 > δ1,

we will have k∗ (δ2) = k∗g , with k
∗ back at the level where steady state consumption is

maximized. As there is a one-to-one correspondence between x∗ and k∗, we can write

k∗ = φ−1 (x∗), so that (6) also determines x∗ as a function of δ. Then we have x∗ (δ2) =

x∗g and consequently output and consumption in the steady state are equal for δ = 0 and

δ = δ2. This phenomenon, where the same production technology is chosen for more

than one discount rate, is known as re-switching (e.g. Starrett, 1969). A consequence of

re-switching in this model is that, in the interval δ ∈ (δ1, δ2), steady state consumption
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must increase with the discount rate. The situation where consumption and hence

utility is increasing with discounting is called a paradoxical steady state (Burmeister

and Hammond, 1977; Asheim, 2008). To appreciate the practical relevance of this

paradoxical steady state, consider the standard regeneration function in integrated

assessment models, where the stock of CO2 decays exponentially in the atmosphere.

This implies a regeneration function such as g (x) = γ (x̄− x), with g′ ≡ −γ. Now a

paradoxical steady may arise state if γ < ε, that is, when man-made capital depreciates

faster than the stock of emissions, which is plausible.

In general, the possibility for k∗ to depend positively on δ around δ = 0, when

g′ < 0, requires that the numerator in (7) is negative for δ = 0, which gives the condition

g′2 − (ε+ g′)σf2 < 0. Hence the possibility for paradoxical steady states requires that

ε+g′ > 0, and increases with the term σf2. The stronger the link between environmental

quality and production (either one way or the other), and the slower the regeneration of

the environment, the more likely it is that paradoxical consumption occurs. When the

discount rate is small but positive, the moderately impatient society will then put excess

weight on the medium run by overinvesting, to enjoy excess production and pollution

for some �nite amount of time. The more impatient society will invest less and may,

paradoxically, enjoy the same steady state consumption as the golden rule dictates. The

even more impatient society invests too little and enjoys lower steady state consumption

with excess environmental quality. In the last case it is the environment that bene�ts

from a high discount rate.

It is interesting to note that whereas this type of overinvestment can never occur

in the standard neoclassical model with one capital good, a similar e�ect is known

from discrete time overlapping generations (OLG) models (Diamond, 1965; Barro and

Sala-I-Martin, 1995). In the OLG models, however, overinvestment occurs because

each �nitely lived generation only considers its own welfare. There is no social plan-

ner that can redistribute resources between generations and thereby achieve a Pareto

improvement. Consequently, each generation enjoys lower welfare than what would

be the case if all behaved more impatiently, similar to what is happening here. But

in the present model, overinvestment occurs even though there is a perfect utilitarian

planning mechanism, because there are two capital goods. The conditions derived here

for paradoxical consumption to occur are not unlikely to be satis�ed in climate change

models for instance. And the notion that the present generation may be overinvesting

to enjoy unsustainably high consumption in the medium run does �t well with the cur-

rent debate on climate change. The logical consequence; that steady state utility may
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be higher with more impatience, is not widely recognized, however.

Dynamics with linear utility

There has been expressed doubts as to whether this paradoxical steady state is of practi-

cal importance however (Solow, 1970), and it has been asserted that such a steady state

must be unstable (Burmeister and Hammond, 1977; Becker, 1982). To demonstrate the

stability of the optimal steady state, paradoxical or not, in the present context, consider

for mathematical convenience a linear utility function2; U (C) = βC, and observe that

the system of �rst order conditions now becomes

β = λ (8)

λ̇ = (δ + ε− f1)λ+ σf1µ (9)

µ̇ = (δ − f2 + σf2)µ− f2λ. (10)

Combining the �rst two equations gives µ = β
σ
f1−ε−δ
f1

and µ̇ = β ε+δ
σ

ḟ1
f21
, where ḟ1 =

f11k̇ + f12ẋ. Using this information in the last equation to eliminate the shadow prices

gives ḟ1 = f1
[
(δ − f ′)

(
f1
ε+δ
− 1
)
− σf2

]
(where the bracketed expression, when set to

zero, is recognized as the steady state condition), which yields the following dynamic

system in k and x:

k̇ =
1

f11

{
f1

[
(δ − g′)

(
f1
ε+ δ

− 1

)
− σf2

]
− f12 [g (x)− σf (x, k)]

}
ẋ = g (x)− σf (x, k) .

Assuming that g′ < 0, we have that ∂ẋ
∂x
< 0 and from (6) that f1

ε+δ
− 1 > 0 around the

steady state, so that ∂k̇
∂x

< 0. It is also easy to con�rm that ∂ẋ
∂k
< 0 and that ∂k̇

∂k
> 0

around the equilibrium. The Jacobian determinant is then negative; ∂k̇
∂k

∂ẋ
∂x
− ∂k̇

∂x
∂ẋ
∂k
< 0,

and the system is saddle point stable. As utility is linear, when the system starts outside

of the saddle path either consumption or investment is optimally set to zero in order

to approach the saddle path as rapidly as possible, if feasible (if not, some premature

switching will occur and numerical methods are typically required to characterize the

optimal path). This example demonstrates stability of the optimal steady state in the

2The more general, nonlinear case is straightforward but tedious as it involves a four-dimensional
Jacobian.
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special case of a linear utility function, without there having been made any assumptions

that rule out the possibility of a paradoxical steady state, from (7). In particular, when

g′ ≡ −γ > −ε, as discussed above, there may may exist a stable paradoxical steady

state around which steady state welfare increases with discounting. More generally,

whenever there is a trade-o� between man-made capital and environmental quality

in optimum, either the man-made or environmental capital stock must increase with

discounting; both e�ects of which are counterintuitive when seen in isolation.

3 Two control variables

In this section, the possibility of reducing emissions from production through costly

abatement e�ort is taken into account. This is done by letting production depend

positively on the amount of emissions generated, so that emissions are viewed as a

production factor. Still abstracting from population and technology developments,

production depends on capital k, environmental quality x and emissions e;

y = f (k, x, e) ,

with f increasing and concave in all variables, both jointly and separately, and all

inputs are essential, as before. The state of the environment develops according to the

expression

ẋ = g (x)− e. (11)

Note that, even if g′ is assumed to be negative there is now no longer a strict trade-o�

between the steady state stocks of man-made and natural capital, as both can be con-

trolled separately. That is, there is no longer a one-to-one relationship between natural

and produced capital across steady states, which makes the assessment of paradoxical

consumption behavior more di�cult. The current value Hamiltonian is now given as

H = u (c) + λ [f (k, x, e)− εk − c] + µ [g (x)− e] ,

and the corresponding �rst order conditions are

u′ = λ (12)

λf3 = µ (13)
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λ̇ = (δ + ε− f1)λ (14)

µ̇ = (δ − g′)µ− λf2. (15)

Using (12) and (14) gives the Keynes-Ramsey rule

ċ

c
=

1

η (c)
(f1 − ε− δ) , (16)

with η = − cu′′

u′
. Eqs. (13) and (15) can be combined to yield

µ̇

µ
= δ − g′ − f2

f3
. (17)

This is a version of Hotelling's rule, modi�ed to take into account the growth of the en-

vironmental stock and the direct e�ect of the resource stock on production. Combining

the two rules hereby derived and using (12) and (13) to eliminate the shadow prices,

we obtain the following condition:

f1 − ε =
ḟ3
f3

+ g′ +
f2
f3
.

This expression states that the marginal net return from investing in man-made should

equal the marginal net return from investing in natural capital. The latter is made up of

three elements. The �rst is the rate of change in the marginal product of emissions. A

clean environment allows a high steady state emission level, so growing productivity of

emissions increases the return to investment in environmental quality. The second is the

impact of the environmental stock on environmental regeneration and hence the ability

of the environment to absorb emissions, and the last is a relative productivity e�ect,

where the productivity of the environment itself is weighted against the productivity of

emissions.

Equation (11) can be used to express the steady state emission level as a func-

tion of x; e|ẋ=0 = g (x), so that optimal steady steady state output is expressed as

y∗ = f (k∗, x∗, g (x∗)). De�ne �rst ψ (k∗, x∗) = f1
(
k∗, x*, g (x∗)

)
> 0 , the marginal

product of man-made capital in the optimal steady state. We have ψ1 = f11 < 0,

but ψ2 = f12 + f13g
′ cannot be signed unambiguously. Assuming that ψ2 > 0 implies

that the productivity of a given capital stock depends positively on the quality of the

environment, even if a good environment requires curbing emissions from production.

In other words, man-made and natural capital are complements in the steady state
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production function. Intuitively, this view suggests a deteriorated environment, with a

correspondingly high emission level in the steady state, so that production for a given

capital stock may bene�t from emission reduction and environmental improvement.

The opposite case, ψ2 < 0, implies that reducing emissions means accepting a lower

productivity of man-made capital, even when the bene�t of environmental improvement

is taken into account, suggesting a relatively clean environment. As asserted by Becker

(1982), in a two-factor model, the possibility of a paradoxical steady state hinges on

natural and man-made capital being substitutes in production. It is important to notice

that in the present three-factor model, nature and produced capital can be substitutes

across optimal steady states although they are complements in the production function.

Second, de�ne ξ (k∗, x∗) = f2(k∗,x∗,g(x∗))
f3(k∗,x∗,g(x∗))

, the ratio between the marginal contributions

of the environmental stock and emissions. We have ξ2 = 1
f23

[(f22 + f23g
′) f3 − f2 (f32 + f33g

′)] <

0, but ξ1 = 1
f23

[f21f3 − f2f 31] is ambiguous. Then the impact of discounting can be an-

alyzed as follows. The modi�ed Hotelling rule entails δ = g′ + ξ (k∗, x∗) in the steady

state, which gives, for any given discount rate,

dk∗

dx∗

∣∣∣∣
Hotelling

= −ξ2 + g′′

ξ1
,

implying that sgn
(
dk∗

dx∗

∣∣
Hotelling

)
= sgnξ1. In the special case that ξ1 = 0 , the modi�ed

Hotelling rule determines x∗ independently of k∗. Turning to the Keynes-Ramsey rule,

we have in the steady state ψ (k∗, x∗)− ε = δ and hence �nd:

dk∗

dx∗

∣∣∣∣
Keynes-Ramsey

= −ψ2

ψ1

,

so that sgn
(
dk∗

dx∗

∣∣
Keynes-Ramsey

)
= sgnψ2. The relationship between the two rules can

be illustrated as on Figure 1. Here it is assumed that the schedule corresponding to

Hotelling's rule alone determines x∗. The slope of the Keynes-Ramsey schedule is deter-

mined by the sign of ψ2. The two schedules shift inwards and downwards, respectively,

with an increase in the discount rate. As is seen on the �gure, the assumption that

ξ1 = 0 implies that x∗ always depends negatively on the discount rate. k∗ also decreases

with discounting when ψ2 > 0, but in the opposite case the e�ect is ambiguous. In gen-

eral, the impact of discounting on the two steady state stocks is found by di�erentiating

the steady state versions of the two investment rules fully with respect to δ, x and k,
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Figure 1: An increase in the discount rate. Left panel ψ2 > 0, right panel ψ2 < 0.

which gives:

dk∗

dδ∗
=

g′′ + ξ2 − ψ2

(g′′ + ξ2)ψ1 − ψ2ξ1
(18)

dx∗

dδ∗
=

ψ1 − ξ1
(g′′ + ξ2)ψ1 − ψ2ξ1

. (19)

From these expressions it is easily con�rmed that the environmental stock is reduced

with discounting whenever ξ1 = 0, while a su�cient condition for the same to happen

with man-made capital is that, in addition, ψ2 ≥ 0. If at least one of these requirements

is not met however, other scenarios are possible. With ψ2 < 0 and ξ1 ≥ 0 we may have
dk∗

dδ
> 0 and dx∗

dδ
< 0. With ψ2 ≥ 0 and ξ1 < 0, dx∗

dδ
> 0 and dk∗

dδ
< 0 is possible.

And whenever ψ2ξ1 > 0, both states may depend positively on the discount rate if the

denominator of (18) and (19) changes sign.

However, it is possible do identify conditions for the situations listed above not to

occur in the present model. Observe that ξ1 = df2
f3
/dk = 0 will hold for an important

class of production functions, including any constant elasticity of substitution (CES)

production function (but not for e.g. quadratic, translog or generalized Leontief func-

tions). Moreover, assume that we can write f12 = θ (k, x, e) f2 and f13 = θ (k, x, e) f3,

where θ (k, x, e) ≥ 0 is some non-negative function of possibly all of the state vari-

ables, which also holds at least for CES production functions. Then we have that

ψ2 = f12 + f13g
′ = θ (k, x, e) f3

(
f2
f3

+ g′
)
, and using Hotelling's rule in the steady state

gives ψ2 = θ (k, x, e) f3 (ξ + g′) = θ (k, x, e) f3δ ≥ 0. Consequently, with some very
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common production functions we can rule out the possibility that either k or x may

increase with discounting in this model.

4 Including amenity value

When the environmental good enters the utility function directly, u = u (c, x), with

u2 > 0 and u22 < 0, the steady state version of the Keynes-Ramsey rule is unaltered

while the Hotelling rule is modi�ed to

δ − g′ =
f2 + u2

u1

f3
= ξ +

u2
u1f3

= ξ′.

In (18) and (19), the expression ξ1 is now replaced by ξ′1 = ξ1 − u2
u1

f31
(f3)

2 . Following the

assumption that ξ1 = 0, we are still left with ξ′1 < 0. This opens for the possibility

that dx∗

dδ
> 0. The intuition is that the impatient society thats attaches much weight to

current consumption might prefer a better environment than the patient society when

the environment is de�ned as a consumer good. For this e�ect to be strong enough,

however, to strictly dominate the productivity e�ect, ψ1−ξ1 > 0 must hold. This being

satis�ed, the additional requirement that ψ2 > 0 is su�cient for dx∗

dδ
> 0, from (19). In

terms of Figure 1, the Hotelling schedule has a negative slope while the Keynes-Ramsey

schedule slopes upwards at the intersection point. Note that this e�ect typically works

at low levels of x∗, and/or high levels of k∗, as opposed to the e�ect discussed in the

previous section, which may render k∗ increasing with δ at high levels of x∗.

For completeness, we also include emissions from consumption. While this e�ect is

not much discussed within environmental and resource economics , emissions generated

by consumer behavior are gaining increased public attention, and direct utility from

other uses of nature, such as �shing or hunting, is widely acknowledged. Although

no-one derives direct utility from emissions per se, reducing emissions for a given level

of consumption may lead to a direct reduction in utility, similar to the justi�cation

for including emissions into the production function. De�ning utility as u = u (c, x, e),

with ui > 0, uii < 0, i = 1, 2, 3, the steady state Hotelling rule now becomes

δ = g′ +
f2 + u2

u1

f3 + u3
u1

,

and assuming df2
f3
/dk = ξ1 = 0, we have d

f2+
u2
u1

f3+
u3
u1

/dk = f21u3−f31u2
(f3u1+u3)

2 , which is ambiguous.
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Not surprisingly, when including both environment and emissions in the utility function,

the e�ect of discounting becomes increasingly di�cult to identify. Even with the most

benign production functions it is not possible to rule out that either the environment or

the stock of man-made capital may increase with discounting, depending in particular

on the sign of ψ2; that is, whether man-made and natural capital are complements or

substitutes across optimal steady states.

5 Conclusion

This paper has analyzed the relationship between the discount rate and the optimal

steady state stocks of man-made and natural capital, in a rather general setting, but

with special reference to the climate change literature, in which discounting has been

heavily debated. It has been shown that somewhat counterintuitive results, such as a

positive relationship between the discount rate and one of the two stocks, are possible.

The �rst model established the simple fact that when there is a trade-o� between the

two stocks between alternative steady states, with one control variable, one of the two

stocks must go up with discounting. If man-made capital increases with discounting for

small discount rates, this will imply the existence of paradoxical steady states, where

steady state utility increases with the discount rate. The stability of such a steady state

was demonstrated in the special case of a linear utility function.

However, in most integrated assessment model there are two control variables; both

consumption and emissions for a given output. In this case it is possible that both

stocks decrease with discounting, for any shape of the regeneration function, and this is

indeed what seems to be indirectly assumed in discussions about discounting in climate

models. With utility depending on consumption only, it was shown that when the ratio

between the marginal productivities of environment and emissions is independent on

the stock of man-made capital, the environment cannot bene�t from discounting. A

necessary condition for man-made capital to increase with discounting was found to be

that environmental and man-made capital are substitutes in the reduced steady-state

production function. For production functions with constant elasticity of substitution, it

was shown that both stocks depend negatively on the discount rate across steady states

when utility depends on consumption only. When the environmental stock entered

the utility function, however, an additional source for a positive impact of discounting

on the environment was introduced. Finally, taking emissions from consumption into

14



account by also including emissions in the utility function led to further complications

and ambiguity with respect to the e�ect of discounting on the optimal steady states

stocks of natural and man-made capital.

15



References

Ahmad, S. (1991): Capital in Economic Theory: Neo-classical, Cambridge and Chaos.

Edward Elgar, Cheltenham

Asheim, G. (2008): Paradoxical consumption behavior when economic activity has

environmental e�ects. Journal of Economic Behavior & Organization 65: 529-546.

Becker, R. (1982): Intergenerational equity: The capital-environment trade-o�. Jour-

nal of Environmental Economics and Management 9: 165-185.

Beltratti, A., G. Chichilniski and G. Heal (1995): Sustainable growth and the green

golden rule. In Goldin, I. and L. A. Winters, eds. The Economics of Sustainable De-

velopment. Cambridge Univ. Press. Cambridge, New York.

Burmeister, E. and P.J. Hammond (1977): Maximin paths of heterogeneous capital

accumulation and the instability of paradoxical steady states. Econometrica 45: 853-

870.

Dasgupta, P. (2009): Discounting climate change. Journal of Risk and Uncertainty

37: 141-169.

Farzin (1984): The e�ect of the discount rate on depletion of exhaustible resources.

Journal of Political Economy 92: 841-851.

Hannesson, R. (1987): The e�ect of the discount rate on the optimal exploitation

of renewable resources. Marine Resource Economics 3: 319-329.

Krautkraemer, J. (1988): The rate of discount and the preservation of natural en-

vironments. Natural Resource Modeling 2: 421-437.

Nordhaus, W. (1994): Managing the global commons: The economics of climate change.

Cambridge, Mass. MIT Press.

Sandal, S. and S. I. Steinshamn (2007): Optimal steady states and the e�ects of dis-

16



counting. Marine Resource Economics 12: 95-105.

Starrett, D. A. (1969): Switching and reswitching in general production models. Quar-

terly Journal of Economics 83: 673-687.

17


