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Abstract: We propose a hybrid model, NLK, that connects Nash Equilibrium and

Levelk model. A player Level0 is assumed to randomize over undominated strategies,

and a NLK player LevelNk , k = 1, 2 . . . , n, believes with a (prior) probability λ ∈ [0, 1],

that their rival is LevelNk−1 and with a probability (1− λ) that their rival is LevelNk , such

as themselves. NLK allows a decision maker in a game to believe that their opponent

may be as sophisticated as they are, a view with strong support in psychology, or as less

sophisticated. We show that NLK generates predictions that at times are sharply different

from those of Nash-equilibrium and/or Levelk models. We examine our model in a static

Guessing Game (Arad and Rubinstein, 2012), a dynamic Centipede Game (Palacios-

Huerta and Volij, 2009) and a Common Value Auction (Avery and Kagel, 1997). In all

the cases even a simple version of our model makes much closer predictions than the

other two. We discussed extensions to games with more than two players, heterogeneous

believes regarding other players, and allowing distributions of lower level players.
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1 Introduction and Literature Review

There is a mounting robust evidence from laboratory experiments of substantial dis-

crepancies between the predictions of Bayes-Nash-Equilibrium, (BNE), and behavior of
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agents (players).1 In response, several theoretical models proposed to relax BNE to ad-

dress such discrepancies. A subset of these models propose to extend BNE by allowing

more flexible form of beliefs than required in BNE, but maintaining individual rationality

by insisting that players use best response to their (relaxed) beliefs. In this paper we

bridge between BNE and level-k model, probably the leading model in this group and

one with several attractive features:2 First, the model put reasonable requirements on the

cognitive abilities of such non BNE players, in contrast with other models.3 Second, the

hierarchy of players’ levels of sophistication is constructed iteratively in a natural way

by modeling Level0 as the least sophisticated, and non strategic player,who(typically)

randomly selects a strategy from an allowable set, and then construct higher levels by

assuming that Levelk, k = 1, 2, ..., best respond to Levelk−1. Third, the model is quite

general, thus applicable and used to predict and analyze data from many laboratory and

field experiments. In many games, such as “beauty contest”and “hide and seek,” it is

intuitive to think in the model’s terms. Four, and probably the most important feature

of the model is the claim that it fits data generated in varied experimental environments

by just using a mixture of players of level 1 and 2.

Applications to data from laboratory and field experiments can be found in Crawford,

Costa-Gomes and Iriberri, (2013). Applications to static games with complete informa-

tion such as: the p-beauty contest (Bosch-Domenech, Montalvo, Nagel and Satorra, 2002),

the two persons’guessing game (Costa-Gomes and Crawford, 2006) and the 11-20 money

request game, (Arad and Rubinstein, 2012). For dynamic games, Kawagoe and Takizawa

(2012) show that Levelk model out predicts the Agent Quantal Response Equilibrium

(AQRE) model in a centipede game with increasing pie . Ho and Su (2013) apply dy-

namic Levelk model to both four and six stages of the centipede game and find it fits

1There are mounting experimental Evidence that (Bayesian) Nash Equilibrium in static game or
Subgame (Perfect) Nash Equilibrium in Dynamic Games fail miserablly. There is a long list of literature,
for example Mckelvey and Palfrey (1992), Kagel and Levin (2002) etc.

2The origin of levelk model is attributed to Stahl and Wilson (1994, 1995) and was first applied to
analyze experimental data by Nagel (1995). There are many variations and extensions of the model and
we refer the reader to Crawford, Costa-Gomes and Iriberri (2013), and references therein.

3Other models non-BNE models who attept to model bounded rational, non BNE, decision makers
often end up requiring even more cognitive ability than BNE, e.g. Cursed Equilibrium (CE) by Eyster
and Rabin (2005).
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the data well. In Bayesian Games like auctions, particularly first-price and common-

value auctions, Crawford and Iriberri (2007) claims that Levelk model performs better

than Cursed Equilibrium (CE) in most cases (and obviously better than NE that fails

miserably). The survey by Crawford, Costa-Gomes, and Iriberri (2013) documents many

success of Levelk model (and its extensions) over other models and BNE. However, as we

will see below, in other cases it predicts poorly. We also know the importance of BNE for

economic analysis.

Theoretically, Levelk model has been extended in two ways. Strzalecki (2010) allows

belief to vary arbitrarily for players with a certain cognitive bound. Thus, to construct

models for a certain situation, we have the choice either to vary the assumption of distri-

bution among cognitive levels or beliefs for certain type of players. However, the belief

is still restricted to opponents with lower cognitive bounds. From another perspective,

Alaoui and Penta (2014) show how cognitive bounds, belief for opponents and belief for

opponents’belief vary according to incentives by a cost-benefit analysis. In Alaoui and

Penta’s model, If agents believe opponents behave as lower levels than their cognitive

bound, they would behave as one level higher than opponents. If instead, agents believe

that the strategies of opponents are reaching their cognitive bound or even higher, they

would act as their cognitive bound. So even though Alaoui and Penta (2014) considered

the situation where opponents are having the same or higher cognitive level as their own,

they are treated it being one level below. Both of those paper have not considered the

strategy difference when opponents are the same level or even higher.

Ross, Greene and House (1977), claim that people tend to think that their behavior

and/or attributes are common among others, and since then there is a rich psychology

literature4 supporting the finding of the “false consensus effect”or “self-anchoring”argu-

ment. One weakness of theLevelk model and its extensions (e.g. allowing heterogeneity

among players; and responding to distributions of lower levels) is that it does not al-

low a Levelk player to consider that her rivals are also as sophisticated as they are, i.e.

4Refers to Marks and Miller (1987) and all the listed references. This is also related to “interper-
sonal perception” in social psychology. Kenny (1994) shows that self-perception is closely related to
interpersonal perception in the way people think others are similar with themselves.
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also being a Levelk decision maker. Often, in strategic situations (or games) a player

knows that her opponent is a “deeper” (more qualified) player. For example, in chess,

it makes little sense for an ordinary player to assume that his opponent, who is ranked

as an International Master, is a lower level player than herself. Our model take a step

forward in addressing this shortcoming and challenging problem. It allows agents Levelk

players to believe the possibility that their opponents might be of the same level as they

are as well as a lower level. For example, in the experiment of (Alaoui and Penta, 2014),

when students from math and science departments play with opponents from the field of

humanity, they would put more weight on the later being Levelk−1 than when they play

with fellows from departments as their own. Furthermore, Palacios-Huerta and Oscar

Volij (2009) find that in a centipede game, backward induction explains data well in sit-

uation where chess player plays with chess player, but performs badly in the cases where

college students plays with college students. Our hybrid model thus provide a parametric

approach to find when equilibrium or Levelk model could apply as well as alternative

explanations when both are not applicable.

Our model, as CE and levelk, also maintains the assumption of individual rationality

but relaxes, relative to BNE, assumptions on players’beliefs about other players. For

dynamic games, Aumann (1992), and several other papers afterwards5 have shown that

a failure of backward induction does not imply the failure of individual rationality. For

example, in the centipede game backward induction implies that the first mover stops the

game at the first decision node which is rarely found in data from experiments. However, a

relaxation of “common knowledge of rationality”is suffi cient to rationalize several rounds

of continuation although all players are rational. While those paper focus rationalizing

such data, we go one step further and construct a parametric model for prediction. A

related extension of levelk model is Ho and Su (2013). However, their model is intended

for learning across repetitions while our model explains strategical behavior better even

5Aumann (1992), proves that continuation of the game, beyond the first node as implied by backward
induction, for several rounds could occur even with “mutual knowledge”of high degree. Reny (1992),
proves that the collapse of backward induction does not necessarily imply the failure of rationality. Similar
arguments are also provided by Ben-Porath (1997), and the refinement by Asheim and Dufwenberg
(2003).
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for novel games and with less parameters. Moreover, our model doesn’t restrict the

strategy set as Ho and Su (2013) while we even captures Bayesian updating across

stage within a game.

For dynamic games with perfect information and recall, the most related model is

analogy-based expectation equilibrium proposed by Jehiel (2005), where agents group the

decision nodes of other players into partitions and form beliefs about the average behavior

in each analogy class. It coincides with sub-game perfect, NE for the finest analogy

partition while it rationalize, in the centipede game, “passing”to the last few stages for

a large range of partitions in contrast to the implication of backward induction. Jehiel

(2008), extends his anology-based concept to Bayesian games. In such games, our and

Jehiel’s models share advantages but ours allows beliefs to be anchored at the beginning

of the game and are updated, by using Bayes Rule, at each stage. Moreover, while

Jehiel’s model doesn’t provide a specific way to choose analogy class, our model offers an

parametric estimation to specify the model.

For static games with incomplete information, Eyster and Rabin (2005) also proposed

Cursed Equilibrium (CE) which extends BNE and rationalizes behavior (data) from ex-

periments where BNE fails miserably. Particularly, in common-value (CV) auctions where

systematic overbidding and losses, the Winner’s Curse, are robust phenomenon, but also

in no-trade paradox due to adverse selection and experimental data from voting and sig-

naling models. In fully cursed equilibrium, people correctly predict opponents’behavior

distribution but ignore its dependence on opponent’s type. Then the belief in χ-CE is

a weighted average of fully cursed belief (with weight χ) and belief in Bayesian Nash

Equilibrium (BNE) (with weight (1 − χ)). Heterogenous behavior is thus characterized

by different cursed levels (with χ = 1 being fully cursed, and χ = 0 being BNE). The

meaning for 0 < χ < 1 is not obvious, and even fully cursed belief (when χ = 1) needs

to be formed after observations and learning, which may explain why levelk model out-

performs CE in some novel games as in Crawford and Irberri (2007). The levelk model

also stands out for its advantage in generalization. We thus propose a different hybrid

model, NLK, where agent believes the opponent is one level below with probability λ and
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as sophisticated as he is with probability (1 − λ).In conclusion, compared with Cursed

Equlibrium, Our weights on belief have much clearer meaning as the probability for an

opponents to be different types. Moreover, our model coincide with levelk (when λ = 1),

which has better prediction for more general games than fully cursed equilibrium(when

χ = 1).

Our model bridges equilibrium and the Levelk model of bounded rationality and it

can be applied to many various games. We construct the basic model and discuss the

existence of the solution in the next section. In section 3, we compare the predictions of

the original Levelk model and NE to a simple version of NLK in a two persons, static

Guessing Game and apply it to data from Arad and Rubinstein (2012). In section 4, we

provide the NLK solution to the dynamic Centipede Game and compare its predictions

to those of NE and Levelk by applying it to data in Palacios-Huerta and Volij, (2009),

“Field Centipedes.” In section 5 we do the same for a Common Value Auction model

by Avery and Kagel (1997). In Section 6, we discuss and explore possible extensions to

games with more than two players, heterogeneous believes regarding other players, and

allowing distributions of lower level players. We conclude in section 7.

2 The Basic Model

The simplest Levelk model has non BNE players with a hierarchy of sophistication lev-

els denoted by k, k = 1, 2, . . . , n. The model assumes that a player of Level0 is the

least sophisticated and non strategic, who (typically) selects a strategy randomly from

an allowable set of undominated startegies.6 Higher level players are then constructed

6We do not allow our Level0 to pick dominated strategy to separate sophistication from stupidity. One
can find other ways of modeling level zero. For example, Crawford and Irriberi (2007) consider two ways
of modeling level zero in auctions with incomplete information: a random Level0 who bids uniformly
randomly, independent of its own private signal, over the range determined by the range of its signal
and the value function; and a truthful Level0 who bids her value. But why would an unsophisticated
Level0 with a PV of $30 bid $500 dollars in a sealed bid, first-price auction? Inserting such Level0 is
not innocent. With an alternative Level0 players who avoid bidding dominated strategies, thus select
uniformly randomly but only between zero and their values Level-k model under most experimental
assumption would predict NE and the explanation for overbidding is lost. We avoid such an avenue to
rationalize data.
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recursively by assuming that a player of Levelk is best responding to the strategy of

Levelk−1. We further simplify here by having only two players and concentrating on a

simple symmetric beliefs of the two players to be introduced shortly.7 Our basic model,

NLK, starts with the same assumption on level0 players but then it defines higher levels,

denote by levelNk , k = 1, 2, .., n, in the following way:

Definition 1 (NLK) In a normal form game with two players G = (Si, ui)i=1,2 (where,

(Si, ui) are, espectively, the strategy set and the utility function of player i) and symmetric

beliefs. That is, levelNk , k = 1, 2, . . . , n, believes her opponent to be levelNk−1 with prob-

ability λ and levelNk with probability (1 − λ), λ ∈ [0, 1]. Given the strategy for levelNk−1,(
σNk−1i

)
i=1,2

, and λ. The Startegy of levelNk ,
(
σNki

)
i=1,2

, satisfies the condition below:

λui(σ
Nk
i , σNk−1j )+(1−λ)ui(σ

Nk
i , σNkj ) ≥ λui(s

′
i, σ

Nk−1
j )+(1−λ)ui(s

′
i, σ

Nk
j ), ∀s′i ∈ Si, ∀i.

(1)

Or, we can simplify equation 1 by redefining the utility function as, ukλi (x, y) =

λui(x, σ
Nk−1
i ) + (1− λ)ui(x, y) :

ukλi (σNki , σNkj ) ≥ ukλi (s′i, σ
Nk
j ), ∀s′i ∈ Si, ∀i. (2)

Since we also apply our model to analyze auction data, we adjust the definition for a

Bayesian Game. Again to simplify notation, we denote ukλi (x, y) = λui(x, σ
Nk−1
j (θj)) +

(1− λ)ui(x, y).

Definition 2 (BNLK) In a Bayesian Game of incomplete information of two players,

B = (Si, ui,Θi)i=1,2, where Θi is the set of player i′s type with prior distribution p and

symmetric beliefs, this is, levelNk , k = 1, 2, . . . , n believes the opponent to be levelNk−1 with

probability λ and levelNk with probability 1−λ, λ ∈ [0, 1]. Given the strategy for levelNk−1,(
σNk−1i (θi)

)
i=1,2

, and λ. Then, levelN ′k s strategy
(
σNki (θi)

)
i=1,2

satisfies condition below:

7In section 6 we introduce a natural way to generalize our model.
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∑
p(θ−i|θi)ukλi (σNki (θi), σ

Nk
j (θj)) =

∑
p(θ−i|θi)ukλi (s′i, σ

Nk
j (θj)), ∀θi ∈ Θi, ∀s′i ∈ Si. i = 1, 2.

(3)

Finally, in order to apply our model to analyze the Centipede Game, we adjust our

definition for a dynamic game with perfect information and recall below.

Definition 3 (SPNLK) In a dynamic Game of perfect information of two players P =

(Ai, Ti, ui)i=1,2, where Ai is an action set and Ti is a game tree, with symmetric belief, i.e.

levelNk , k = 1, 2, . . . , n, believes the prior of opponent to be levelNk−1 with probability λ and

levelNk with probability (1 − λ), λ ∈ [0, 1]. In every decision node with history hi, given

the strategy for levelNk−1,
(
σNk−1i (hi)

)
i=1,2

, and λ. Then levelNk ’s strategy restricted to the

subgame
(
σNki (hi)

)
i=1,2

and belief pk−1i (hi) for the opponent to be levelNk−1 satisfies the con-

ditions below (we denote ukλi (x, y, hi) = pk−1i (hi)ui(x, σ
Nk−1
j (hj)) + (1− pk−1i (hi))ui(x, y).

ukλi (σNki (hi), σ
Nk
j , hi) ≥ ukλi (ai, σ

Nk
j , hi), ∀ai ∈ Ai, where. (4)

pk−1i (hi) =
λp(hi|σNki , σNk−1j )

λp(hi|σNki , σNk−1j ) + (1− λ)p(hi|σNki , σNkj )
, (5)

for all hi that satisfies p(hi|σNki , σNk−1j ) > 0 or p(hi|σNki , σNkj ) > 0.

Note, with λ ∈ {0, 1},there is no Bayesian updating for all histories.

Proposition 1 (Existence for NLK): Given the strategy for levelk−1,
(
σNk−1i

)
i=1,2

and

λ, for every finite strategic-form game G = (Si, ui)i=1,2, there exist
(
σNki

)
i=1,2

.

Proof. We can check whether the best response correspondence satisfies the condition for

Kakutani (1941)’s fixed point theorem. The proof is similar to the one for Nash Equilib-

rium (Gliksberg, 1952). See detail in the Appendix. Or more intuitively, given the strat-

egy for levelNk−1,
(
σNk−1i

)
i=1,2

and λ, consider the alternative game Gλ =
(
Si, u

kλ
i

)
i=1,2

.

First, there exists a NE (σ∗i )i=1,2 for G
λ. Then it must satisfies equation (2). So it satisfies
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the condition for
(
σNki

)
i=1,2

for the orginal game G = (Si, ui)i=1,2,that is
(
σNki

)
i=1,2

exists.

Remark 1 Obviously, when λ = 1, NLK coincides with Levelk model and when λ = 0,

it coincides with NE.

Proposition 2 (Existence for BNLK and purification): Given the strategy for levelNk−1,(
σNk−1i (θi)

)
i=1,2

and λ, for every finite Bayesian game, then there exist
(
σNki (θi)

)
i=1,2

.

Moreover,if the type distribution pi is independent and twice-differentiable, fix a set of

players, I and strategy space Si, for a set of payoffs {ui(s)}i∈I,s∈S of Lebesgue measure

1. Any equilibrium of the payoffs ui is the limit as ε −→ 0 of a sequence of pure-strategy

equilibrium of the perturbed payoff
∼
ui.

Proof. Again, given the strategy for levelNk−1,
(
σNk−1i (θi)

)
i=1,2

and λ,we can look at an

alternative Bayesian Game Bλ = (Si, u
kλ
i ,Θi)i=1,2. Then it follows from the fact that

whenever B is finite, Bλ is finite, and since a finite game has at least one BNE, the one

for Bλ is
(
σNki (θi)

)
i=1,2

for B. By by similar argument we can also get purification results

by Harsanyi (1973).

Remark 2 Again, obviously that when λ = 1, NLK coincides with Levelk model and

when λ = 0, it coincides with BNE. However, since the auction game we consider have

uncountable infinite type and action spaces, this proposition is of limited general interest.

But NLK do exists for any given λ and k for the model we consider. For its analog with

BNE and easy style of generalization, we suppose that NLK exists almost all games of

economic interest.

Proposition 3 (Existence for SPNLK):Given the strategy for levelk−1,
(
σNk−1i (hi)

)
i=1,2

for every decision node with history hi and λ. In any finite extensive form game, there

exist
(
σNki

)
i=1,2

and pk−1i (·) which satisfies conditions for SPNLK.

Proof. Consider an alternative dynamic game of incomplete information P = (Φi, A
k−1
i ,

Ai, Ti, ui)i=1,2, where Φi denotes the possible type for agent i which can be either θ
Nk−1

or θNk. Ak−1i is the action set for a player of type θNk−1 and Ak−1i (hi) = σNk−1i (hi) is

given, ∀hi.Then according to Kreps and Wilson (1982), for every finite extensive form
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game, there exist at least one sequential equilibrium (σ∗i , p
∗
i )i=1,2 . Since there are only two

players, the set of Perfect Bayesian Equilibrium(PBE) coincide with Sequential Equil-

brium according to Fudenberg and Tirole (1991). So (σ∗i , p
∗
i )i=1,2 is also a PBE. Then(

σ∗i (θ
Nk), p∗i

(
θNk
))
should satisfy equation (4) and (5) for sequential rationality and

bayesian updating. In other words, SPNLK exists.

Remark 3 obviously when λ = 1, NLK coincides with Levelk model and when λ = 0, it

coincides with Subgame Perfect Nash Equilibrium(SPNE) or Backward Induction.

3 The Arad —Rubinstein, 11 -20Money Request Game.

In Arad and Rubinstein (2012), there are two risk-neutral players; each can request an

integer amount of money from $11 to $20, and receive the amount s/he requests. In

addition, a player receives an extra $20 if s/he asks for exactly one integer less than the

other player.

In levelk model, level0 randomize uniformly on {$11, $12, ..., $20}. A level1, that re-

quests $20 earns $20. Alternatively, if s/he asks for $19 she would earn $19 for sure

and $20 bonus with probability 1/10. for a total expected payoffs of $21 It is clear to

see that: level1 picks $19; level2 picks $18;. . . , level9 picks $11. But then level10 picks

$20; level11 picks $19; and so on. The sophistication level of player is not well identified

from the strategy s/he played: A player who requests $11, can be a level0 or a highly

sophisticated level9 player.

To compare levelk, NE and NLK with different λ, we use maximum likelihood method

below. We assume that a subject of level k with belief λ normally follows strategy bkλ but

subject to logistic errors of precision ε.8 Then the probability of observing strategy b for

8To fit data, we introduced an error structure. Logistic error is widely used in Industrial Organization
and psychology literatures.
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level k is P (b|k, λ, ε) = exp(εuk(b|λ)∑20
j=11 exp(εuk(j|λ)

, Where uk(b|λ) is the payoff for picking b given

belief λ.

When the error is costlier ex-ante, it is less likely that player would make it. The

parameter, ε, represents sensitivity to cost of error. When ε → 0,players choose any

number randomly while when ε → ∞,players make optimal choices given their belief.

The the model’s likelihood (L) and log-likelihood (LL) functions are respectively,

L(ε|b, λ, k = 1) =

N∏
i=1

P (bi|k, λ, ε) and LL(ε|b, λ, k = 1) =
∑N

i=1 log(P (bi|k, λ, ε).

The following table compares levelk, NE and NLK with different λ:

Table 1
Action 11 12 13 14 15 16 17 18 19 20 d∗ ε LL

levels
( 9
19

) ( 8
18

) ( 7
17

) ( 6
16

) ( 5
15

) ( 4
14

) ( 3
13

) ( 2
12

) ( 1
11

) (10)
Level1(%) 0 0 0 0 0 0 0 0 100 0 176% 0.296 −207.38

NE(%) 0 0 0 0 25 25 20 15 10 5 76% 0.230 −213.00

NLK(%)

λ = 1
2

0 0 0 0 0 40 30 20 10 0 68% 0.198 −216.02

NLK(%)

λ = 3
4

0 0 0 0 0 0 40 40 20 0 52% 0.346 −198.07

DATA∗∗∗ 4 0 3 6 1 6 32 30 12 6

* The sum of absolute differences between data observation and modelprediction.

** The loglikelihood is scared by 108/100 for simplicity which woundn’t make much diffrence.

*** The data is from Arad and Rubinstein (2012).

For an arbitrary λ = 1
2
, the loglikelihood function for NLK is lower than that of NE

and level1. However, with λ = 3
4
, NLK’s loglikelihood improves by about 9% and is higher

than the other two.

The following Table (2) shows that for each λ, there is a unique prediction by NLK.

For each λ ∈ [0, 19/20), there is a unique mixed strategy for levelN1 , (recall that for λ = 0,

it coincides with NE). For each λ ∈ [19/20, 1], there is a unique pure strategy to request

19 for levelN1 , (recall that for λ = 1, it coincides with level1). To find the optimal λ, our

model could do even better.
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Table 2

Action for levelN1 15 16 17 18 19 20

0≤ λ <1
2

5(5−10λ)
1−λ

5(5−2λ)
1−λ

5(4−2λ)
1−λ

5(3−2λ)
1−λ

5(2−2λ)
1−λ

5(1−2λ)
1−λ

1
2
≤ λ <14

20
0 5(14−20λ)

1−λ
15
1−λ

10
1−λ

5
1−λ 0

14
20
≤ λ <17

20
0 0 5(17−20λ)

1−λ
10
1−λ

5
1−λ 0

17
20
≤ λ <19

20
0 0 0 5(19−20λ)

1−λ
5
1−λ (%)

In related literatures such as Crawford and Irberri (2007), the data is usually estimated

by a model with a mixture of level1, level2 and level3 players. So we also want to compare

it with our model. We picked λ = 3
4
arbitrarily for our model and restricted to only the

type of levelN1 . For the original levelk model, we allow the mixture of level1 and level2.

Since λ = 3
4
is arbitrarily chosen. Now our model has at most the same parameter as the

original levelk. We also compare our model with the optimal λ and the original levelk

model with the best mixture of level1, level2 and level3, in which case, our model even

has strictly less parameters.

Let πk ≥ 0, denote the proportion of type k in the population, with
∑
k

πk = 1. The

likelihood, (L), and loglikelihood (LL) functions are respectively,

L(ε|b, λ, k) =
N∏
i=1

∑
k
πkP (bi|k, λ, ε) and LL(ε|b, λ, k) =

∑N
i=1 log(

∑
k
πkP (bi|k, λ, ε)).

The estimation result is summarized in the following table:

Table 3

π1 π2 π3 LL ε

levelk 0.829 0.171 restricted = 0 −201.94 0.251

levelNk
λ= 3

4

1 restricted = 0 restricted = 0 −195.77 0.362

levelk 0.466 0.245 0.29 −183.12 0.208

levelNk
λ=0.85

1 Restricted = 0 Restricted = 0 −21.61 0.346

Our model with only one level and λ = 3
4
outperforms levelk model with the best

mixture of level1 and level2. Both the likelihood and precision is bigger. To maximize
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loglikelihood and keep a reasonable precision9, we get the estimation of precision ε =

0.346 and λ = 0.85, where the loglikelihood is:−21.61, which improves dramatically than

the arbitrarily chosen λ.Moreover, our model with one level and the constraint optimal

λ∗ = 0.85 improves a lot on levelk model with level1, level2 and level3. Both the likelihood

and precision is much bigger.

4 The Centipede Game.

Introduced by Rosenthal (1981) the Centipede Game serves as a paradox illustrating

deviations from Backward Induction or from the Subgame Perfect Nash Equilibrium

(SPNE)10. Player A starts first and player B follows. The initial pot worth $5. In

stage 1, player A has the property rights to the pot. She can choose either to end the

game by taking 80% of the pot ("and leaving 20% of the pot to player B" ) or allow

the pot to double by passing the property rights to player B. In stage 2, player B has

similar decision. Player A and player B choose alternately. Let’s assume the game

ends after even periods S = 2N . So the payoff if game ends in odd period 2k + 1,is(
22k × 4, 22k

)
, k = 0, 1, 2, ..., N − 1.The payoff if the game ends in even period 2k is(

22k−1, 22k−1 × 4
)
, k = 1, 2, ..., N. Using backward induction it is simple to show that the

unique SPNE is for player A to take the pot at stage 1, and the game ends.

Then, let’s look at levelk solution. Firstly, level1 player B would take at the last stage.

For level1 player A, take at 2N −1 would get 4
5
x where x is the whole pie, pass would get

9
5
x,so level1 player A would pass at (2N − 1) . Then for level2 player A, take at (2N − 1)

would get 4
5
x where x is the whole pie, pass would get 2

5
x, so level2 player A would take

at (2N − 1) .Interatively, for game with stage S = 2N. Player A would pass while take

at stage s = 2(N − h) + 1 for levelk, k = 2h, 2h + 1, h ≤ N − 1. For all player A with

level k = 2N or higher, it would "take" at the first stage. Player B would "take" at stage

9We keep the precision to be ε = 0.346, and then get the optimal λ to maximize likelihood.
10For literature, refers to Mckelvey and Palfrey (1992), Mckelvey and Palfrey (1996), Fey, McKelvey

and Palfrey (1996), Nagel and Tang (1998), Gary Bornstein (1998),Rapoport et al. (2003) and Bornstein,
Kugler and Zieglemeyer(2004) which show that even in the situation of high stake, considering altruism,
group decision, backward induction is still inadequate to explain players’behavior.
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s = 2(N − h) + 2 for levelk, k = 2h − 1, 2h, h ≤ N. for all player B with k = (2N − 1)

or higher, it would "take" at the second stage when he first makes decisions. The bizarre

of levelk solution is that it need relatively high level to explain "take" at earlier stages

especially for game with more stages. In other words, strategies of different levels are

indepedent of the length of the game. For example, no matter how long the game is,

level1 player would always keep passing to the last node where player B takes. Moreover,

no matter what history is observed, levelk would not change its belief about opponents.

Then, Let’s look at NLK. Firstly, it is obvious that the case λ = 0 coincides with

Backward Induction and λ = 1 coincide with levelk model. Let’s discuss the case when

0 < λ < 1.It is obvious that Player B would "take" at the last stage upon reaching.

Let’s assume player B would “take”at stage 2n. Then at stage 2n-1, player A’s belief

for the opponent being level0 is

p0A(2n− 1) =
λ×

(
1
2

)n−1
λ×

(
1
2

)n−1
+ 1− λ

∈ (0, λ)

If player B “take” at stage 2n, for stage (2n− 1), player A "take" gets 4
5
x, while

"pass" gets[
p0A(2N − 1)× 1

2
+ 1− p0A(2N − 1)

]
× 2
5
x+p0A(2N−1)× 1

2
× 4
5
×4x=2

5
x+p0A(2N−1)× 7

5
x

So “pass”if 2
7
< p0A(2n−1) ≤ 1 and take otherwise. Because p0A(2N−1) is decreasing

in N , for a longer game, levelN1 is more likely to “take”at stage 2N − 1. This differs

our model from levelk where level1 awalys “pass”to the end except for the last stage no

matter how long the game is.

Note that p0A(2n − 1) is decreasing in n. Then for λ ≤ 2
7
, Player A would always

take one stage before player B. For λ ≥ 2
7
, there may be some critical value sA,such that

p0A(2n− 1) > 2
7
, for n ≤ sA, and p0A(2n− 1) ≤ 2

7
, for n ≥ sA + 1.

Let’s assume that player A would "take" at stage 2n + 1. Then at stage 2n, player

B’s belief for the opponents being level0 is

p0B(2n) =
λ×

(
1
2

)n
λ×

(
1
2

)n
+ 1− λ

= p0A(2n+ 1)
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Figure 1: Centipede Game

Continue Continue Continue Continue Continue Continue

stop stop stop stop stop stop

(4,1) (2,8) (16,4) (8,32) (64,16) (32,128)

(256,64)

Then the strategy for player B is similar with that for player A, "pass" if 2
7
< p0B(2n) ≤

1 and “take”otherwise.

Remark 4 Firstly, for λ ≤ 2
7
, Both player A and B would "take" 11at the first time

they make choices. Game ends at the first stage. The same results as λ = 0 in SPNE.

Secondly, λ > 2
7
, if the game is short enough such that p0A(2N − 1) > 2

7
.Then player A

would "pass" to the end and player B would "take" at the last stage. The same result as

λ = 1 in levelk model. For λ > 2
7
and the game is relatively long such that p0A(2N−1) ≤ 2

7
,

game would end earlier than levelk model. Especially, since p0B(2n) = p0A(2n + 1) let s∗

be the critical value such that p0B(2n) > 2
7
for n < s∗ and p0B(2n) ≤ 2

7
for n ≥ s∗. Then

levelN1 Player B would ’"take" at and after stage 2s∗ while levelN1 player A would ”take"

at and after stage 2s∗ + 1. Game ends at stage 2s∗.

To compare with experiment data, particularly, we consider the centipede game in

(Palacios-Huerta and Volij, 2009) where N = 3 as Figure 1,

For each λ, there is a unique pure strategy SPNLK as summerized in table 4 as well

as data from Palacio-Huerta and Volij(2009). When 8
13
< λ ≤ 1,player A pass to the end

and player B take at the last stage. Game ends in stage 6 as for level1. When λ ≤ 2
7
,

both player would take at the first time they make choice. Game ends in stage 1 as in

backward induction. When 2
7
< λ ≤ 4

9
. Game ends at stage 2. When 4

9
< λ ≤ 8

13
, game

ends at stage 4. When 8
13
≤ λ ≤ 1, Game stops at stage 6.

11We assume each player would take when they are indifferentce between take and pass.
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Table 4

Data or Prediction f1 f2 f3 f4 f6 f7

levelN1 (0≤ λ ≤ 2
7
) includes SPNE 1 0 0 0 0 0

levelN1 (
2
7
< λ ≤ 4

9
) 0 1 0 0 0 0

levelN1

(
4
9
< λ ≤ 8

13

)
0 0 0 1 0 0

levelN1

(
8
13
< λ ≤ 1

)
includes level1 0 0 0 0 1 0

Data29 (Students vs Students) 0.030 0.165 0.340 0.300 0.025 0.005

Students vs Stu implied stop prob29 (200,0.03) (194,0.17) (161,0.42) (93,0.65) (6,0.83)

Data (Students vs Chess Players) 0.300 0.365 0.205 0.090 0 0

Students vs Chess implied stop prob. (200,0.30) (140,0.52) (67,0.61) (26,0.69)

Data (Chess Player vs Students) 0.375 0.275 0.195 0.095 0 0

Chess vs Stu implied stop prob. (200,0.375) (125,0.44) (70,0.56) (31,0.61)

Data (Chess Player vs Chess Player) 0.725 0.175 0.090 0.010 0 0

Chess vs Chess implied stop prob. (200,0.725) (55,0.64) (20,0.90) (2,1)

From the table, even without adding any error structure, you can see there is a trend

that when players are more sophisticated, a smaller λ would fits data better. For example,

for the treatment when student plays with students, 0 ≤ λ ≤ 2
7
fits the data the best.

For the treatment when students plays with chess player 2
7
< λ ≤ 4

9
fits data the best.

Finally, 4
9
< λ ≤ 8

13
fits data the best for the last two treatments and especially for the

one when Chess player plays with chess player.

So, we claim that our model do provide an alternative explanation for the scenarios

when both the original levelk and backward induction do not apply. Moreover, we tight

our hands by only allowing symmetric belief. Since when students plays with Chess

players, both sides are more likely to have different subjective λ. We suppose our model

would do even better when heterogeous believes are allowed. More will be discussed in

section 6.

We also generalize our solution in the Appendix with comparision to the result of

analogy based equilibrium.
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5 Common Value Auction

In the Common-Value Second-Price Auction expriment by Avery and Kagel (1997), there

are two bidders, value function is the sum of two private singal Xi with i.i.d∼ U [1, 4].

That is, ui(X) = X1 +X2 for i = 1, 2.There are two important functions:

v(x, y) = E[ui(X)|X1 = x,X2 = y] = x+ y

r(x) = E[ui(X)|X1 = x] = x+ 1+4
2

= x+ 2.5.

Then followed from a more general result by Milgrom and Weber (1982), there is

only one symmetric BNE with truethful bidding conditional on just winning B0(x) =

v(x, x) = 2x.Then follows from Crawford and Iriberri (2007), strategy for Random level1

is B1
1(x) = r(x) = x + 2.5.Denote bkλ(·) as the NLK strategy for levelk with belief λ.we

solve the symmetric linear strategy for levelN1 . The detail is provided in the Appendix.

The data (Avery and Kagel, 1997) are both evaluated by "Cursed Equilibrium",

(Eyster and Rabin, 2005) and "Level-K", (Crawford and Iriberri, 2007). Eyster and Ra-

bin (2005) shows any other cursed levels (χ ∈ (0, 1]) is better than BNE (χ = 0) and given

a cursed level, the model fits better for experienced subjects than for inexperienced sub-

jects in terms of Mean Squared Error (MSE). For only inexperienced bidders, Crawford

and Iriberri (2007) instead argue that with logistic error structure and subject-specific

precisions, a mixture of level1 and level2 is better than cursed equilibrium (with the best

mixture of different cursed levels with restriction to multiples of 0.1 in [0, 1] .) according

to likelihood and Bayesian information criterion (BIC)30.

30BIC penalize models with more parameter to adjust the likelihood.
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Table 5

Model b(x) RMSE(inexperienced) RMSE(experienced)

NE
λ=0

2x 1.702 1.082

level1
λ=1

x+ 2.5 1.444 0.960

levelN1
λ=0.5

1.562x+ 1.096 1.535 0.933

Date
Inexperienced

0.997x
(0.079)

+ 2.950
(0.203)

1.378 -

Data
Experienced

1.313x
(0.053)

+ 2.023
(0.15)

- 0.863

We first constrained λ = 0.5 and compare our model with NE and level1. In terms of

MSE, level1 is the best for inexperienced bidders while our model with λ = 0.5 is better

for experienced bidders.

So before we consider the sensitivity of error and the mixture of higher levels, the

original levelk model did performs better for inexperienced bidders in the wallet game.

However, after 18 periods learning, NLK with λ = 0.5 performs better than both levelk

and NE. We already found that our model can bridge Levelk and NE for novel games (the

11-20 game and the Centipede Game) when players have initial believes for opponents to

be both less sophisticated and think in the same way. Moreover, in the Centipede game,

we captures how belief is updated across sections within one game. Now, we claim that

our mode also bridges levelk and NE in terms of learning by repetitions.

To check robustness of the argument, we compare result for more λ and summerize it

in the following table,
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Table 6

Model for level-1 b(x) RMSE∗(inexperienced) RMSE(experienced)

λ = 0 2x 1.702 1.082

λ = 1 x+ 2.5 1.444 0.960

λ = 0.05 1.918x+ 0.205 1.665 1.045

λ = 0.1 1.857x+ 0.357 1.64 1.021

λ = 0.15 1.807x+ 0.482 1.62 1.002

λ = 0.20 1.764x+ 0.590 1.603 0.987

λ = 0.25 1.725x+ 0.687 1.589 0.975

λ = 0.3 1.689x+ 0.777 1.577 0.964

λ = 0.35 1.666x+ 0.861 1.56 0.950

λ = 0.4 1.624x+ 0.941 1.554 0.947

λ = 0.45 1.592x+ 1.019 1.545 0.940

λ = 0.5 1.562x+ 1.096 1.535 0.933

λ = 0.55 1.531x+ 1.173 1.527 0.928

λ = 0.6 1.5x+ 1.25 1.518 0.924

λ = 0.65 1.468x+ 1.329 1.510 0.921

λ = 0.7 1.435x+ 1.412 1.502 0.917

λ = 0.75 1.4x+ 1.5 1.494 0.915

λ = 0.8 1.362x+ 1.596 1.486 0.913189

λ = 0.85 1.318x+ 1.705 1.477 0.913418

λ = 0.9 1.266x+ 1.835 1.469 0.915

λ = 0.95 1.196x+ 2.011 1.458 0.921

* RMSE=

√
1
n
(
ˆ
b−b)2

We plot the RMSE for both inexperienced and experienced bidders as in the Figure

2 and 3.

As you can see, The original level1 did give the best prediction for inexperienced
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Figure 2: Inexperienced Bidders

Figure 3: Experienced Bidders
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bidders. But our model with λ higher than 0.3 all out predict the orginal level1 for

experienced bidders.

6 Discussion for possible extension

In examples above, we never go to the type of levelN2 for the already excellent performance

of levelN1 . However, we could generate level
N
2 and even higher levels iteratively as in the

original levelk model. For example, in the 6 stages Centipede Game of Palacio-Huerta

and Volij(2009), for each λ,there exists a unique pure strategy SPNLK for levelN2 as

summerized in the following table.

Table 7

Prediction for LevelN2 f1 f2 f3 f4 f5 f6 f7

0 < λ ≤ 4
9

1 0 0 0 0 0 0

4
9
< λ ≤ 8

13
0 0 1 0 0 0 0

8
13
< λ ≤ 1 0 0 0 0 1 0 0

Our model can be extended to games with more than two players and heterogenous

belief for oppoents. For example, if there are N players in the game. The probability

for number g of players to be lower level can be described by Binominal distribution

pλ(g) = Cg
Nλ

g(1− λ)N−g.

It is also possible to allow distributions of all lower type players in the spirits of

Cognitive Hierarchy Model by Camerer, Ho and Chong (2004). For example, now let λ

be the prior for opponents to be all lower levels. Let G(h|L), h ≤ k, be the probability

that the opponent is level h conditional on being lower levels. Then the probability for

the opponent to be levelNh is λG(h|L), h ≤ k and 1− λ for being levelNk .

Moreover, NLK also provide a method to check the robustness of Multi-Equilibrium

Issues. Intuitively, when there is multi-equilibrium for BNE, since the strategy for levelk

is usually unique, then there might exist some threshold
ˆ

λ. When λ ∈
(

0,
ˆ

λ

)
, thre

is multiple equlibriums while there exist unique result for λ ∈
(
ˆ

λ, 1

)
. For example,

21



Rubinstein and Sallant (2015) discover the existence of self-similarity in the chicken gamel

as below.

Table 8

Dove Hawk

Dove 30, 30 20, 70

Hawk 70, 20 0, 0

Let Dλ
N1 be the probability of choocing dove for levelN1 (in the mixed strategy equlib-

rium). Results are summerized in the following table. You can see, when 2
3
< λ ≤ 1, the

equilibrium is unique as for level1 which is to play hawk for sure. When 0 < λ ≤ 2
3
, there

is always two pure strategy equilibirum where one player chooses dove and the other plays

hawk as well as a mix strategy equlibrium.

Table 9

Belief Dλ
N1 Pure strategy equilibrium Multiequilibrium?

2
3
< λ ≤ 1 No levelN1 always want to play hawk Unique

0 < λ ≤ 2
3

1
2
− 1

6(1−λ) (Dove, Hawk) (Hawk, Dove) Two Pure, One mix

λ = 0 1
3

(Dove, Hawk) (Hawk, Dove) Two Pure, One mix

7 Conclusion

This paper has proposed a hybrid model, NLK, that connects Nash Equilibrium and

Levelk model. It provides a parametric way to explore when NE (λ = 0) or levelk model

(λ = 1) works well and serves as an alternative approach for estimation when both fall.

It generalizes levelk model and its extension by allowing levelk players to believe the

opponents are possibly as sophisticated as they are.

Our analysis shows that in a static Guessing Game (Arad and Rubinstein, 2012),

a dynamic Centipede Game (Palacios-Huerta and Volij, 2009) and a Common Value

Auction (Avery and Kagel, 1997), a simpler version of our model makes much closer

predictions than NE and levelk. We claim NLK bridges NE and levelk model in three

ways. First, NLK provides an alternative model for static games when both NE and levelk
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do not apply. Second, NLK predicts the behavior of different types of players better in

dynamic games and bring Bayesian Updating back to the level-k argument. Finally, since

level-k claims they only applies to novel game and all behavior converges to equlibrium

in the long run, NLK jumps in for players with some experience.

Moreover, the λ that fits the data best in different treatments coincide with intuition.

For example, in the Centipede Game, when the opponent is chess player rather than

students, optimal λ is smaller. And in the Common Value Auction Model, compared

to inexperienced rounds, optimal λ is smaller for experienced rounds. NLK can also be

easily generalized to capture other models of economic interest

Thus NLK not only bridges NE and levelk model but also provides new insight to

explain strategic behavior when players are bounded rational.
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8 Proof for existence.

Given the strategy for levelNk−1,
(
σNk−1i

)
i=1,2

and λ. Let fi : Σ ⇒ Σi be player i’s best

response correspondence that maximize ukλi (σi, σj) = λui(σi, σ
Nk−1
j ) + (1 − λ)ui(σi, σj).

Define the correspondence f : Σ⇒ Σ to be the Cartesian product of fi. A fixed point of

f is a σ, such that σ ∈ f(σ), that is, for each player σi ∈ fi(σ). Thus a fixed point of f

satisfies equation (2).

According to Katutani’s fixed point theorem, we need to check the following suffi cient

conditions for f : Σ⇒ Σ have a fixed point.

(1) Σ is a compact, convex, nonempty subset of a finite dimensional Euclidean Space.

(2) f(σ) is nonempty for all σ.

(3) f(σ) is convex for all σ.

(4) f(·) has a closed graph: if (σn,
∼
σ
n
)→ (σ,

∼
σ),

∼
σ
n
∈ f(σn). Then

∼
σ ∈ f(σ).

Let’s check all the conditions are satisfied.
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(1) Since each Σi is a simplex of dimension #(Si)− 1, Σ is the Cartesian product of

Σi. (1) follows directly.

(2) Since each player’s utility ukλi (σi, σj) is linear and thus continuous in his own mixed

strategy. Then continuous functions on compact sets attain maximum. Then condition

(2) is also satisfied.

(3) If σi,σi’both belongs to f(σ), then

ukλi (µσi + (1− µ)σ′i, σj) = λui(µσi + (1−µ)σ′i, σ
Nk−1
j ) + (1−λ)ui(µσi + (1−µ)σ′i, σj)

=λ
[
µui(σi, σ

Nk−1
j ) + (1− µ)ui(σ

′
i, σ

Nk−1
j )

]
+ (1− λ)[µui(σi, σj) + (1− µ)ui(σ

′
i, σj)]

=µ
[
λui(σi, σ

Nk−1
j ) + (1− λ)ui(σi, σj)

]
+ (1− µ)

[
λui(σ

′
i, σ

Nk−1
j ) + (1− λ)ui(σ

′
i, σj)

]
=µukλi (σi, σj) + (1− µ)ukλi (σ′i, σj)

So the weighted average of σi,σ′i also belongs to f(σ) since they then yields the same

expected utility. So (3) is satisfied.

(4) BWOC. Suppose condition (4) is violated, so there is a sequence (σn,
∼
σ
n
)→ (σ,

∼
σ)

with
∼
σ
n
∈ f(σn) , but

∼
σ /∈ f(σ) Then

∼
σi /∈ fi(σ) for some player i. Thus there is an ε > 0

and a σ′i such that u
kλ
i (σ′i, σj) > ukλi (

∼
σi, σj) + 3ε (a).

Since ukλi (σi, σj) is continuous in σ and (σn,
∼
σ
n
) → (σ,

∼
σ). Then for n suffi ciently

large we have

ukλi (σ′i, σ
n
j ) > ukλi (σ′i, σj)− ε, ukλi (

∼
σi, σj) + ε > ukλi (

∼
σ
n

i , σ
n
j )

Then substitute (a) in,

ukλi (σi′, σnj ) > ukλi (
∼
σi, σj) + 2ε > Uk

i (
∼
σ
n

i , σ
n
j ) + ε. Then σ′i is strictly better than

∼
σ
n

i for

σnj , which contradicts with
∼
σ
n
∈ f(σn). So (4) is satisfied.

9 More Generalized result for Centipade agame and

Analogy-based Equilibrium

Consider the centipede game in (Jehiel, 2005). Two player i = 1, 2 move in alternative

order starting with player 2. There are 2K,K ≥ 2 Decision nodes as labelled in the

figure.

At each node, the player whose turn it is to move, say player i, may either take in
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which case this is the end or pass, i.e Ai = {Pass, take}. The game also ends when

player 1 Pass at node N (1)
1 . The scalars at and bt define the payoffs at each terminal

node. These scalars are assumed to be non-negative and satisfy a2k−1 > a2k+1 > a2k and

b2k−2 > b2k > b2k−1.Where a2k+1 > a2k and b2k > b2k−1 make sure tha players always

want to take if take happens next period while a2k−1 > a2k+1 and b2k−1 > b2k gurantees

that players always want to pass if take happens two periods later.

Then the following remark indicate that level1’s strategy strategy coincide with the

analogy-based expectation equilibrium of the coarest analogy grouping under the same

condition.

Remark 5 Suppose that for all k ≥ 1, 1
2
a2k−1+ 1

2
a2k > a2k+1, 12b2k−2+ 1

2
b2k−1 > b2k.Then

level1 player would keep passing throughout the game except in the last node N
(1)
1 at which

player 1 takes. Level2 player 1 play the same strategy as level1 player 1 while level2 player

2 keeps passing while take at N (1)
2 . By induction player 1 would keep passing and take at

stage N (h)
1 for level k = 2h−1, 2h.h ≤ K. For player 1 with level 2K-1 or higher, it would

take at N (K)
1 . Player 2 would take at stage N (h)

2 for level k = 2h, 2h+ 1, h ≤ K − 1. For

player 1 with level K or higher, it would take at N (K)
2 .

Remark 6 The disadvanges for levelk model still holds in this generalized situation. We

still need may levels to explain heterogeineity in data, strategies of different levels are

independent of the length of the game and beliefs are not updated throughout the game.

In analogy-based equilibrium, we could get different strategy for certain analogy partition.

However, belief is still fixed inside each analogy group.

Remark 7 Suppose that for all k ≥ 1, 1
2
a2k−1+

1
2
a2k > a2k+1, 12b2k−2+

1
2
b2k−1 > b2k. (The same restriction for proposition 3 of Jehiel, (2005).)We

could get similar result as in the simpler model. If λ is small enough, then both player

take at the first time they make choice, the same as in SPNE. If λ is big enough or K is

small enough, then both player would pass to the end except that player 1 would take at

node N (1)
1 , while coincide with the results in levelk model. For any other situation, there

exists a unique prediction that game ends in some middle stages. (While by proposition 3

of Jehiel (2005), game ends in middle stages could never happen in the coarsest grouping

of analogy-based equilibrium.)
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10 Solve the strategy of levelN1 for the Common Value

Auction Model

Set up the model for NLK.Let’s assume there is a linear pure strategy NE function for

levelN1 , then we could write it as bλ(x) = bλ(1) + bλ(4)−bλ(1)
3

(x − 1) x ∈ [1, 4] .Denote

dλ = bλ(4)− bλ(1),the probability for the opponent to be level0 conditional on tie given

such proposed NE is qλ=Pr(rival=level0|tie at bid=b)= 6(1−λ)
6(1−λ)+λd .

Then NE is defined by indifference in the case of MWP(x)=b(x).

MWP (1) = q(1 + 2.5) + (1− q)2 = 1.5q + 2 = bλ(1),

MWP (4) = q(4 + 2.5) + (1− q)8 = 8− 1.5q = bλ(4).

Then dλ = bλ(4)− bλ(1) = 6− 3q = 6− 3λdλ
6(1−λ)+λdλ .

Then d2λ + 31−λ
λ
dλ − 36(1−λ)

λ
= 0.

So the bidding strategy is bλ(x) = bλ(1)+ d(λ)
3

(x−1).Where bλ(1) = 1.5q(λ)+2, q(λ) =

−(1−λ)+
√
(1−λ)(1+15λ)

3(1−λ)+
√
(1−λ)(1+15λ)

and d(λ) =
−3(1−λ)+3

√
(1−λ)(1+15λ)
2λ

.
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