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Abstract 

Environmental and resource economists have followed several ways to take into account 

natural environment in economic growth. Many studies have explored how exhaustible 

resources or pollution may constitute limits to growth. However, as noted by Partha Dasgupta 

(2008), economists mostly neglected nature when modeling economic growth. In this paper, 

we regard nature as a capital that enter in a production function and in which a representative 

agent can invest in order to restore it. We study how different interactions between natural 

and man-made capitals, including ecosystem disservices, can affect growth. The paper 

highlights the impact of the weight of natural capital in the production function in growth. We 

show that different forms of interactions between the two capitals can lead either to an 

endogenous growth or to steady state in the long run.  
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Ecosystem services and economic development:  

is it worth to conserve natural capital? 

 

1. Introduction 

The importance of functional ecosystems for economic development is both a widely 

discussed issue, and a set of interdependencies dynamic still poorly understood (Costanza and 

Daly, 1992; Tallis et al., 2008). A few years ago, Partha Dasgupta (2008) has expressed 

serious criticism on how economists regard nature:  

“Nature did not appear much in twentieth century economics, and it doesn’t do so in 

current economic modelling. When asked, economists acknowledge nature’s existence, 

but most deny that she is worth much. I have professional colleagues who believe that 

the services nature provides amount at best to 2–3% of an economy’s output, which is 

the share of agriculture in the GDP of the United States. Why, they ask, should one 

incorporate a capital asset of negligible importance in macro-economic models of 

growth and distribution?”  

The concept of natural capital emerged at the end of the 1960’s as a metaphor aiming at 

creating a symmetry with standard economic capital in the Fundamentals of Ecology od E. 

Odum (5
th

 edition, 1971) or in the famous Small is beautiful (Schumacher, 1973). It entered in 

the scientific literature, two decades later, to include Nature properly in the analysis of a 

sustainable development (Daly, 1990; Costanza and Daly, 1992; Costanza et al., 1997; Ekins 

et al., 2003; Kareiva et al., 2011) and also in a few formalized works (Mourmouras, 1993).  

The economic literature provides many models of economic growth that take into account the 

natural environment. Several decades after the Meadows Report to the Club of Rome 
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(Meadows et al., 1972) which raised the issue, the analysis of the relationship between 

economic growth and the natural environment remains controversial (Brock and Taylor, 2005; 

England, 2000; Prieur, 2008). Two main groups can be identified in the literature: studies on 

exhaustible resources (after Nordhaus et al., 1973; Solow, 1974) and studies related to 

pollution as a potential limit to the growth (since Keeler et al., 1971; Brock, 1977). Although, 

for the proponents of the Environmental Kuznets Curve, there is no necessary limits to growth 

(Stern et al., 1996). But, since exhaustible resources are consumed in the production process, 

they tend to create limits to growth if substitutes are imperfect (and the same is true for poorly 

managed renewable resources that cannot regenerate).  

Economics contrast the category of capital that are stock variables, and that of services, which 

are generally measured as annual flow. For the analysis of society-nature relations, the 

practical difficulty of measuring natural capital (Ekins et al., 2003) has led to the forefront the 

concept of ecosystem services (ES) (Costanza et al., 1997; De Groot et al., 2002; MEA, 

2005). ES refer in a broad sense to the benefits that people derive from ecosystems (Costanza 

et al., 1997; de Groot et al., 2009; MEA, 2005). Costanza et al. (1998) introduced accurately 

that: ecosystem services are flows of materials, energy, and information from natural capital 

stocks which combine with manufactured and human capitals’ services to produce human 

welfare. The interdependencies between nature functioning and human activities are at the 

core of ecosystem services. Nature is regarded here as a stock of natural capital (Daily et al., 

2000), and several authors have recognized that conceptualizing nature as a stock that 

provides flows of ES may underestimate the difficulty of governing the provision of 

ecosystem services (Farley and Costanza, 2010; Richard B. Norgaard, 2010; Muradian and 

Rival, 2012).  

Ecosystems contribute to human well-being in many ways that can be classified following 

different rationale according to the aim pursued. A fundamental distinction is to group 
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ecosystem services into two main categories that can be qualified as direct, when they are a 

direct source of ecological amenities, and indirect, when they are dividend of natural capital 

involved in the production of final services. In the first case, the social value of ecosystems is 

directly related to their natural features; in the second, their utility reflects their contribution 

as productive factors complementary to manufactured and human capital investment. In this 

paper, the focus is essentially on modelling the role of indirect ecosystem services in 

economic development.  

For this purpose, we regard biodiversity as natural capital that provides ecosystem services, 

and thus as a non-consumptive production factor. We consider an economy with two types of 

capitals, natural capital and man-made capital, which contribute to the production of final 

goods via a joint production function. The agent makes a trade-off between consuming the 

final good and investing in the maintenance of the two capitals, to maximize a discounted 

utility function which depends only on the final consumption. 

The concept of ecosystem services has been put forward to investigate and communicate 

about the dependency of societies on functioning ecosystems (Costanza et al., 1997; Daily, 

1997; Groot et al., 2002; MEA, 2005). Consequently, the literature has tended to consider 

only the positive values of ecosystems. Therefore, the negative impacts that certain aspects of 

ecosystems functioning can have on human well-being, the so-called “ecosystem disservices”, 

are most often ignored. This bias against disservices and the fact that the suitability of the 

concept remains controversial can be explained by the evidence that at a sufficient aggregated 

level of analysis the effects of ecosystems functioning are necessarily positive. However, a 

few studies have analyzed ecosystem disservices. Zhang et al., (2007) studied the main 

disservices to agriculture, such as the competition for pollination; competition for water and 

pests damage to agriculture. Lyytimäki and Sipilä (2009) investigated the various nuisances 

and losses produced by ecosystem functions in urban territories, and their consequences for 
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urban green management. Escobedo et al. (2011) used the concept of ecosystem services and 

disservices to assess the efficacy of using urban forests for mitigating pollution. Dunn (2010) 

proposed a global mapping of ecosystem disservices in terms of health and possible death 

impact, but without link with their economic aspects. Economic growth theories provide a 

framework to explore the links between current environmental problems and the possibilities 

for future improvement (Brock and Taylor, 2005).  

This paper introduces an economic perspective by modelling the interactions dynamics 

between goods production and ecosystems conservation taking into account ecosystems 

disservices. The specificities of our approach lies mainly in the fact that we consider the 

environment as a natural capital that acts both as a production factor and a source of nuisance, 

and we focus on specific aspects of the relationship between factors of production. The 

purpose of this paper is twofold: firstly, show how the interactions between production factors 

affect growth and, secondly, highlight the impact of the weight given to nature in the 

production of final consumption goods on growth.  

The rest of the paper is organized as follows. In the first section, we present the model. The 

second section highlights the results. At this level, two sub sections emerge. A first one, in 

which we consider the depreciation of man-made capital and disservices produced by nature 

are separated effects, and a second one in which the man-made capital depreciation rate is a 

function of Nature. The last section is devoted to results discussion. 

2. The model  

We consider an economy in which production depends on two capitals: the natural capital G 

and the man-made capital A. Note that G and A are not expressed in physical terms but in 

values (the currency being the unit of final production). The representative agent combines 

the two capitals in a production function. Then the production is shared between consumption 
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of which depends the agent’s welfare, and investments for the maintenance of the two 

capitals. 

Natural capital stand for the ecosystems and the biodiversity they encompass. We assume that 

the services that the agent derives from these ecosystems are not natural capital consumer (the 

natural capital is not a natural resource). Moreover, there is no reason to consider 

obsolescence of the natural capital which does not depreciate simply because time passes. 

Reciprocally, natural capital does not renew spontaneously when it has been degraded by the 

agent’s productive investments (we assume that destroyed ecosystems do not regenerate by 

themselves; in most cases, a species that has disappeared in an ecosystem does not naturally 

reintroduce). Investing in natural capital may mean financing ecosystems restoration or in a 

better use of existing ecosystems.  

Man-made capital is classically defined as a stock of artificial investments, such as farm 

equipment, industrial activities or intensive recreational development in natural areas. The 

agent combines natural and man-made capitals in order to produce goods that will be 

consumed or invested.  

We introduce now the representative agent’s optimization model. The various components 

and assumptions are mathematically formalized. We begin by the production technology that 

connects the factors to production. 

Production technology  

Final goods and services are obtained from a homogeneous production function of degree 1, 

F(G, A): a Cobb-Douglas function of the form: 

𝐹(𝐺, 𝐴) = 𝐺𝛼𝐴1−𝛼. 



7 
 

Capitals dynamics  

As we said above, there is no natural depreciation of the natural capital G. However, natural 

capital suffers a degradation due to man-made capital which is proportional to the level of A 

(this degradation results of the impact of the man-made capital on natural ecosystem, it is a 

stock externality). Natural capital G can be restored by an investment 𝑰𝑮(𝒕) = 𝑰𝑮 from the 

representative agent. The dynamics of G is given by:  

 𝐺 ̇ = 𝐼𝐺 − 𝛾𝐴. 

Man-made capital A increases with an investment 𝐼𝐴(𝑡) = 𝐼𝐴, from the representative agent. It 

suffers a depreciation with time (capital erosion), proportional to the level of man-made 

capital (𝛿1𝐴). The man-made capital also suffers from a negative impact of natural capital: the 

higher the natural capital, the stronger the impact. This can be interpreted as an ecosystem 

disservice: natural ecosystems tend to accelerate depreciation of man-made capital, 

proportionally to the level of natural capital (𝛿2𝐺). Sometimes, the intensity of disservices 

depends not only on the level of man-made capital and of natural capital separately, but there 

is a positive interaction between their levels: the ecosystem stock further limits the productive 

efficiency of man-made capital with higher intensity when the level of man-made capital 

rises. This can be interpreted by the idea that the higher is the level of man-made capital, the 

more ecosystems are disturbed and the more they tend to limit the productive value of man-

made capital. This effect can be illustrated by actual situations described in the literature. 

Highly disturbed ecosystems no longer provide certain basic services, such as pest control for 

agricultural production ( Zhang et al., 2007; Vandermeer et al., 2010), invasive species 

regulation (Didham et al., 2005; Teyssèdre and Barbault, 2009), or contribution to the control 

of certain epidemics (Chivian & Bernstein, 2008; Keesing et al., 2010; Sala et al., 2012). We 

will describe this kind of effect as a negative AG interaction in the derivative of A. One can 
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also consider that fragmented ecosystems (the AG interaction) are more favorable to 

disservices such as biological invasions that may degrade the economic value of man-made 

capital A. 

�̇� = 𝐼𝐴 − 𝛿1𝐴 − 𝛿2𝐺 − 𝛿𝐺𝐴. 

Budget constraint 

The agent shares his final production between the consumption of the final good C and the 

investment 𝐼𝐺  for the renewal of the natural capital and 𝐼𝐴 for the renewal for the physique 

capital.  

𝐹(𝐺, 𝐴) = 𝐶 + 𝐼𝐺 + 𝐼𝐴 = 𝐺𝛼𝐴1−𝛼. 

 

The objective function 

The representative agent maximizes in C, 𝐼𝐺  and 𝐼𝐴, the utilitarian a discounted utility function 

U(C) taking into account the dynamics of both capital and the budget constraint
4
. 

𝑀𝑎𝑥𝐼𝐺𝐼𝐴𝑐 ∫ 𝑒−𝜌𝑡𝑈(𝐶)𝑑𝑡
∞

0
.    (1) 

𝑈(𝐶), the utility function is increasing and concave;  

𝑈′(𝐶) > 0,        𝑈"(𝐶) < 0,       

and, the inter-temporal elasticity of substitution in consumption  𝜂 = −
𝑈′(𝐶)

𝑈′′(𝐶)𝐶
 is constant; ρ is 

the discount rate.  

                                                           
4
 The case when natural capital enters in the utility function as a source of amenity was considered, but the 

results presented in the following have not been substantially changed.  
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We study the behavior of the model in the long run with different dynamics of man-made 

capital. 

3. Model resolution  

This section is dedicated to the resolution of the model. We focus on two particular cases. 

These cases are, firstly, the situation when there is no interactive effect (𝛿 = 0) and, 

secondly, when there are only interactive effects(𝛿1 =  𝛿2 = 0). The practical meaning of 

these simple cases has been explained above.  

3.1.The linear case (𝜹 = 𝟎) 

In this case, the depreciation rate of the physical capital 𝜹𝟏 and the depreciation rate related to 

the ecosystem disservices 𝜹𝟐 are separable and their effects are additive. 

The objective function becomes: 

𝑀𝑎𝑥𝐼𝐺𝐼𝐴𝑐 ∫ 𝑒−𝜌𝑡𝑈(𝐶). 𝑑𝑡
∞

0
  

s/t      𝐺 ̇ = 𝐼𝐺 − 𝛾𝐴,                      �̇� = 𝐼𝐴 − 𝛿1𝐴 − 𝛿2𝐺,                        𝐺0 𝑎𝑛𝑑 𝐴0  given,  

and   𝐶 = 𝐹(𝐺, 𝐴) − 𝐼𝐺 − 𝐼𝐴. 

The associated Hamiltonian is:  

𝐻 = 𝑈(𝐶) + 𝜆𝐺(𝐼𝐺 − 𝛾𝐴) + 𝜆𝐴(𝐼𝐴 − 𝛿1𝐴 − 𝛿2𝐺).  

The first order conditions at the steady state are: 

𝜕𝐻

𝜕𝐼𝐺
= −𝑈′(𝐶) + 𝜆𝐺 = 0,       (2) 

𝜕𝐻

𝜕𝐼𝐴
= −𝑈′(𝐶) + 𝜆𝐴 = 0,       (3) 
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�̇�𝐺 = 𝜌𝜆𝐺 −
𝜕𝐻

𝜕𝐺
= 𝜌𝜆𝐺 − 𝑈′(𝐶). 𝐹𝐺 + 𝜆𝐴𝛿2 = 0,    (4) 

�̇�𝐴 = 𝜌𝜆𝐴 −
𝜕𝐻

𝜕𝐴
= 𝜌𝜆𝐴 − 𝑈′(𝐶). 𝐹𝐴 + 𝜆𝐴𝛿1 + 𝛾𝜆𝐺 = 0,   (5) 

 𝐺 ̇ = 𝐼𝐺 − 𝛾𝐴 = 0,                     �̇� = 𝐼𝐴 − 𝛿1𝐴 − 𝛿2𝐺 =  0.   (6) 

For the clarity of the exposition, all proofs are in appendix.  

Proposition 1: [There is a steady state if and only if  (
𝜌+𝛿2

𝛼
)

1
1−𝛼⁄

= (
𝜌+𝛿1+𝛾

1−𝛼
)

−1
𝛼⁄

] . 

The production function is homogeneous of degree 1, if the production factors are increasing, 

the economy is growing and there is no steady state. In the following, we study the conditions 

of existence of an endogenous growth. 

Let  a =  𝛿1 + 𝛾 − 𝛿2, since all parameters are positive, « a » can be regarded as an indicator 

of the importance of A relatively to G for the dynamics of the capitals stocks. When « a » is 

high (and positive), the stock A is the main factor that constrains both dynamics. When « a » 

is low (or negative), G is preponderant. 

The following propositions characterize and analyze the endogenous growth rate of our 

economy. 

Proposition 2: [Characterization of the endogenous growth rate] 

 If there is an endogenous growth rate r; it is given by: 

𝑥 =
𝐴

𝐺
 solution of  𝑓(𝑥) = 𝛼𝑥1−𝛼 − (1 − 𝛼) 𝑥−𝛼 + a,  

r = 
�̇�

𝐶
=

�̇�

𝐴
=

�̇�

𝐺
= 𝜂 (−𝜌 + 𝛼𝑥1−𝛼 + 𝛿2)  , 

𝐼𝐺

𝐺
= 𝑟 + 𝛾𝑥 ,    
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𝐼𝐴

𝐺
= 𝑟𝑥 + 𝛿1𝑥 + 𝛿2  ,    

𝐶

𝐺
= 𝑥1−𝛼 −

𝐼𝐺

𝐺
−

𝐼𝐴

𝐺
 . 

In order to insure the existence of a positive endogenous growth, we must prove that 

there exists 𝑥 > 0  solution of (𝑥) = 𝛼𝑥1−𝛼 − (1 − 𝛼) 𝑥−𝛼 + a , with    𝑟 > 0 and 
𝐶

𝐺
> 0. 

Each of these points will be dealt in the following propositions. 

Proposition 3: [Existence and properties of the A/G ratio]. There is a unique solution 

𝑥 =
𝐴

𝐺
> 0 solution of 𝑓(𝑥) = 𝛼𝑥1−𝛼 − (1 − 𝛼) 𝑥−𝛼 + a, with the following properties: 

α <
1−a

2
⟹ 𝑥 > 1,         α >

1−a

2
 ⟹ 0 < 𝑥 < 1,          

𝜕𝑥

𝜕𝛼
= −

𝑥1−𝛼+𝑥−𝛼+ln(𝑥)a

𝛼(1−𝛼)(𝑥1−𝛼+𝑥−𝛼)
   

When 𝛼 is small, at the optimum, A is greater than G; because G is especially limiting the 

dynamics of A and G and therefore the production.  

When 𝛼 𝑡𝑒𝑛𝑑𝑠 𝑡𝑜 1 the ratio 𝑥 tend to zero because α reflects the fact that the weight of G is 

great. We get the maximum preserving more G which is the dominant production factor. 

Proposition 4: [Sign and properties of the growth rate r]. If we call z = 𝜌 + 𝛿2 and 

𝑦 = 𝜌 + 𝛿1 + 𝛾, 

i) if 𝑧 − 𝛼 (
1−𝛼

𝑦
)

1−𝛼

𝛼
= 0, there is a steady state ( see proposition 1) 

ii) if  𝑧 − 𝛼 (
1−𝛼

𝑦
)

1−𝛼

𝛼
< 0, 𝑡ℎ𝑒𝑛 𝑟 > 0 

iii) if 𝑧 − 𝛼 (
1−𝛼

𝑦
)

1−𝛼

𝛼
> 0,  then 𝑟 < 0 . 
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Moreover, considering 𝑟 as a function of 𝑡(α), 𝑟 is decreasing in (0,
1−a

2
 ) and increasing 

in (
1−a

2
, 1). 

To sign 𝑟 we must study (𝛼) = 𝑧 − 𝛼 (
1−𝛼

𝑦
)

1−𝛼

𝛼
 . This function has the following 

properties: 

lim𝛼→0𝑡(𝛼) = −∞ if 𝑦 < 1; 

lim𝛼→0𝑡(𝛼) = 𝑧   if 𝑦 ≥ 1; 

lim𝛼→1𝑡(𝛼) = 𝑧 − 1;  

𝑡′(𝛼) = 0 ⟺  𝛼 = 1 − 𝑦;  

𝑡(1 − 𝑦) = 𝑧 + 𝑦 − 1.  

In conclusion for the 𝑦 < 1 case (that is the realistic case), we have: 

a) for small values of 𝛼 case ii) is true. That is logical because the production 

depends on the natural capital which is less important here; thus G is not a limit to 

growth; 

b) if  𝑧 + 𝑦 < 1 , the case ii) is also true; in that case, the extent of disservices is 

limited, and A and G are growing in a balanced way; 

c) if  𝑧 + 𝑦 > 1 , and 𝑧 < 1, case iii) is true for intermediate values of 𝛼; in that case, 

A puts pressure on G and given the complementarity of A and G in production, the 

pressure breaks the growth dynamics and results in degrowth;  

d) if 𝑧 > 1, there is 𝛼∗ for that all 𝛼 > 𝛼∗ ,  𝑟 < 0 (case iii)). 
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Proposition 4 also tells us that when 𝑟 is positive, it has an U-shaped curve passing through a 

minimum in 𝛼 =
1−a

2
. The growth rate is then maximal for extreme values of α and minimal 

for 𝛼 = 
1−a

2
.  

Proposition 5: [Positivity of    
𝐶

𝐺
]. We have that  

𝐶

𝐺
> 0      ⟺        𝑟 <  𝛼𝑥1−𝛼 − 𝛿2 . 

Remark: Note that when 𝜂 ≤ 1,  𝑟 <  𝛼𝑥1−𝛼 − 𝛿2  and the positivity of   
𝐶

𝐺
  is guaranteed. 

Particular case: when a =  𝛿1 + 𝛾 − 𝛿2 = 0, 

This case allows analytical solution, in fact:  

𝐴

𝐺
= 𝑥 =

1 − 𝛼

𝛼
 

𝑟(𝛼) = 𝜂 (−𝜌 + 𝛼 (
1−𝛼

𝛼
)

1−𝛼

+ 𝛿2)  has its minimum value in  𝛼 =
1

2
 ; 𝑟 (

1

2
) = 𝜂(−𝜌 + 1 +

𝛿2)  and its maximum value in 𝛼 = 0  and  𝛼 = 1 ,  

with lim𝛼→0 = lim
𝛼→1 

= 𝑟(𝛼) =  𝜂(−𝜌 + 1 + 𝛿2) . 

𝐶

𝐺
= 1 − (𝑟 + 𝛾) − (𝑟 + 𝛿1 + 𝛿2) . 

In this case,       𝛿2 > 𝜌 → 𝑟 > 0   and      𝑟 <
1−(𝛾+𝛿1+𝛿2)

𝛼
 →  

𝐶

𝐺
> 0.  

Analytical results do not allow giving relevant information on several points that can be 

illustrated with numerical simulations. In this section, we present the results of simulations 

made with the following values of the model parameters: 𝛿1= 0.1; 𝛿2= 0.05; 𝛾= 0.06; 𝜌= 0.04;    
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Figure 1. Variations of the growth rate and of C/G for 𝜂 =  1 and  𝜂 > 1 

 

The simulation results (see left and right growth rate in figure 1) are consistent with 

proposition 4 and displays a decreasing growth rate r when 𝛼 ∈ (0 ;  
1−a

2
) and increasing 

when 𝛼 >
1−a

2
. They are also consistent with proposition 5 which specifies that the 

consumption is rather than zero when 𝜂 ≤ 1.  

Moreover, when α goes to 0, G plays a negligible role in production and A drives economic 

growth. In this situation, the equations that determine the dynamics of A and G create 

incentives for the maximizing agents to invest in A and find a high rate of economic growth 

based on the accumulation of artificial capital. Symmetrically, when α goes to 1, A plays a 

negligible role in production and G drives economics growth. The incentives push the agents 

to invest in G and it results in a high rate of economic growth based on the development of 

useful naturel capital. Since the equations are not symmetric, the U-shape curve is not either. 

On both extremity, the high growth rate can be regarded as the efficiency of two forms of 
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growth, and the one based on natural capital can be seen as “green growth” (but this is not 

verified when a = 0). It is noticeable that the growth rate is higher when α goes to 1 that when 

it goes to 0. This result can be explained by the fact that A is both depreciated by G and by 

itself, contrary to G which is only degraded by A. When α is high, the agent tend to invest 

more in G, and when α is small, he tends to invest in A that limits its own growth. This can be 

seen as a straight consequence of the modelling choice to consider the ecosystems as a capital 

G which is perennial. This choice was justified above. For intermediate values of α, each 

capital tends to limit the growth of the other and this may explain why the growth rate appears 

limited.  

Unlike the growth rate, the consumption does not retain the same shape when 𝜂 > 1. Indeed, 

consumption is positive only for intermediate values of α (see figure 1, right chart). The 

elasticity of intertemporal substitution of the representative agent is greater than 1, he 

therefore tends to smooth consumption; which led him to invest in capitals rather than 

consume. In this situation, when α is low, production is highly dependent on man-made 

capital; prompting the agent to invest heavily in A. Conversely, when α is high, the 

production depends heavily on natural capital; the agent invests in G instead of consuming. 
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Figure 2: Variation of investment relatively to 𝛼 when 𝜂= 1 

   

The curve of 
𝐼𝐴

𝐺
 as a function of α is monotonic and decreasing; 

𝐼𝐺

𝐺
 is decreasing for small 

values of α, and then increasing. The results of the simulation above display high values of 
𝐼𝐺

𝐺
 

for the smallest values of α (when G is small relative to A), a minimum above α=
1−a

2
, and then 

highest values when G becomes the main factor of growth, and investing in G is an important 

factor for intertemporal utility in the “green growth”.  

In our simulation, the difference (𝐼𝐺 − 𝐼𝐴) 𝐺⁄  as a function of α tends to -∞ for α = 0, and 

displays a strong asymmetry: in absolute values, the difference is much larger for small α, and 

more limited on the other side. When the production is more dependent on A than on G, the 

representative agents invest more in A, but the efficacy is lesser than in the opposite case 

since the increase of A is impacted twice by growth (see above). Reaching the same 
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production level would imply a higher level of investment in A than in G; and this explains 

the significant difference observed.  

3.2.Second case: when 𝜹𝟏 = 𝜹𝟐 = 𝟎  

In this part, it is assumed that the levels of A and G stocks impact jointly on the dynamics of 

A. The intuition is that the natural capital tends to accelerate the depreciation of the man-

made capital at a stronger rate when ecosystems have already been perturbed by a high level 

of man-made capital. In other words, natural capital tends to generate more disservices when 

it is pushed out of its natural dynamics. In that case, rate 𝛿 at which man-made capital is 

depreciated is not constant, but a function of the natural capital H(G), and we consider a linear 

function H(G) = δG. Our problem can be formalized as follows: 

𝑀𝑎𝑥𝐼𝐺𝐼𝐴𝑐 ∫ 𝑒−𝜌𝑡𝑈(𝐶). 𝑑𝑡
∞

0
  

s/t      𝐺 ̇ = 𝐼𝐺 − 𝛾𝐴,                      �̇� = 𝐼𝐴 − 𝛿𝐴𝐺,                        𝐺0 𝑎𝑛𝑑 𝐴0  are given  

and    𝐹(𝐺, 𝐴) = 𝐶 + 𝐼𝐺 + 𝐼𝐴 = 𝐺𝛼𝐴1−𝛼. 

The Hamiltonian associated with an internal solution is: 

𝐻 = 𝑈(𝐶) + 𝜆𝐺(𝐼𝐺 − 𝛾𝐴) + 𝜆𝐴(𝐼𝐴 − 𝛿𝐴𝐺).  

The first order conditions in the steady state are: 

𝜕𝐻

𝜕𝐼𝐺
= −𝑈′(𝐶) + 𝜆𝐺 = 0,                                                                    (2)    

𝜕𝐻

𝜕𝐼𝐴
= −𝑈′(𝐶) + 𝜆𝐴 = 0,                                                                     (3) 

�̇�𝐺 = 𝜌𝜆𝐺 −
𝜕𝐻

𝜕𝐺
= 𝜌𝜆𝐺 − 𝑈′(𝐶). 𝐹𝐺 + 𝜆𝐴𝛿𝐴 = 0,                           (11) 

�̇�𝐴 = 𝜌𝜆𝐴 −
𝜕𝐻

𝜕𝐴
= 𝜌𝜆𝐴 − 𝑈′(𝐶). 𝐹𝐴 + 𝜆𝐴𝛿𝐺 + 𝛾𝜆𝐺 = 0,                (12)  
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 𝐺 ̇ = 𝐼𝐺 − 𝛾𝐴 = 0,                     �̇� = 𝐼𝐴 − 𝛿𝐴𝐺 =  0.                        (13) 

 

Proposition 6: [Existence of a steady state]. There is a steady state given by: 

A, solution of    (𝜌 + 𝛾)(𝛿𝐴 + 𝜌)
1

(1−𝛼)⁄
− (1 − 𝛼)𝛼

𝛼
(1−𝛼)⁄ (𝛿𝐴 + 𝜌) + 𝛿𝐴𝛼

1
(1−𝛼)⁄

= 0. 

And   𝐼𝐺 = 𝛾𝐴,            𝐼𝐴 = 𝛿𝐺𝐴,           𝐺 =
𝐴𝛼

1
(1−𝛼)⁄

(𝛿𝐴+𝜌)
1

(1−𝛼)⁄
    .  

Sufficient conditions to have a positive steady state are:  

𝐶 = 𝐺𝛼𝐴1−𝛼 − 𝛾𝐴 − 𝛿𝐺𝐴 > 0  and  (𝜌 + 𝛾)𝜌
1

1−𝛼 − (1 − 𝛼)𝛼
𝛼

1−𝛼𝜌 ≤ 0. 

It is not possible to study analytically these conditions. But numerical simulations can be done 

for any choice of the parameters. In figure 3, we show the variation of A, G and C as a 

function of 𝜶. 

Figure 3: A, G and C relatively to 𝜶 

   

𝜹 = 𝟎. 𝟎𝟎𝟎𝟏 , 𝜸 = 𝟎. 𝟎𝟓 , 𝝆 = 𝟎. 𝟎𝟒 
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In this case, the depreciation of A is driven both by its own value, and by the value of G. The 

consequence of this multiplicative effect is to stop the growth and the dynamics results in a 

steady state.  

The graphs above allow displaying, with specific but meaningful values, the importance of 

natural capital G in the production technology. This results in a high level of investment 𝐼𝐺 , at 

the expense of consumption of C and of man-made capital A which both decrease as α 

increases. The simulations show that for high levels of α (above 0.6); there are no real 

numerical solutions to the optimization process. Natural capital G has such a weight that A 

vanishes because G contributes to its discounting. Since the production technology depends 

on A (as a complementary factor in a homogeneous function of degree 1), the whole economy 

collapses.  

As it is impossible to get general solutions to our model analytically, we will study specific 

cases that will allow finding analytical solutions from the equation that determines A.  

 

 For 𝜶 = 𝟏
𝟐⁄ , we can have analytical value of A 

From (𝜌 + 𝛾)(𝛿𝐴 + 𝜌)
1

(1−𝛼)⁄
− (1 − 𝛼)𝛼

𝛼
(1−𝛼)⁄ (𝛿𝐴 + 𝜌) + 𝛿𝐴𝛼

1
(1−𝛼)⁄

= 0 it comes  

𝐴 =

√
𝜌

𝜌 + 𝛾 − 2𝜌

2𝛿
 

and, 

𝐴 > 0  ⟺ 0 < 𝜌 < −4𝛾 +
√16𝛾2 + 16

𝛾
. 
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A is always positive (𝐴 > 0  ) for all 𝛾 ∈ (0,1).  In fact, we have  
−4𝛾+√16𝛾2+16

𝛾
> 1 and the 

discount rate, in real situation, cannot exceed 1. Now that we have the assurance of the 

positivity of A (according to our hypothesis 𝛾 ∈ (0,1)), we check the sign of C. For this 

purposes, by simulating the values of C as a function of 𝜌 for γ = 0.1 the graph shows a 

positive values of C when ρ > 0.3. When the capitals have the same weight in the production 

(𝛼 = 1
2⁄ ), the existence of C implies a strong preference for the present (high level of 𝜌).  

Figure 4: The variation of the long run consumption C relatively to the discount rate ρ 

 

 For 𝝆 ≈ 𝟎 

𝐴 > 0 ⟺ 0 < α <
1

2
  

A is positive as far as the weight of G in the production function does not exceed that of A 

(𝛼 ≤ 1/2). If G has a higher weight than A in the production function (𝛼 > 1/2), A becomes 

null in the long run and the production also, due to the Cobb Douglas production function (see 

Figure 5 below).  
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Figure 5: A and G relatively to 𝜶 

 

The economic meaning of these first results remains questionable. More work is clearly 

needed in order to understand if these results are due to modelling’s artefact, that will imply to 

introduce changes in some of our hypothesis, or if it is possible to find satisfactory economic 

interpretations.  

4. Discussion and conclusion 

The models studied clearly highlight the importance of interaction in the evolution of both 

capitals and ensure the existence of an endogenous growth or steady state toward infinity.  

In the linear case (𝜹 = 𝟎), there is an endogenous growth. Nevertheless, it dynamics can be 

negative and decrease to 0. It mainly depends on the level of negative interactions (disservice 

of G and environmental impact of A) that both capitals impose on each other, and thus on the 

value of parameters (𝜌, 𝛾, 𝛿2 𝑒𝑡 𝛿1). A low level of negative interaction related to investments 

in A (𝛾) leads to an equilibrated growth of all variable A, G, C, 𝐼𝐴, 𝐼𝐺 . Whereas, if man-made 

capital destroys nature with a high amplitude (𝛿2), this destruction collapses the growth 

dynamics and may result in degrowth. This is verified when 𝜂 ≤ 1, and 0 < 𝑟 <
1−(𝛾+𝛿1+𝛿2)

2
.  

A 

G 
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The growth rate varies with . It decreases from 0 to 𝛼 =
1−a

2
 and increases when 𝛼 >

1−a

2
. 

According to our parameters (a small), the lowest growth rate corresponds to the situation 

when natural and man-made capitals have the same weight in the production function. For 

high values of , the natural capital increases faster than the man-made capital and the 

investment in G is higher than that of A too. The growth dynamics is mainly based on G and 

achieve what can be regarded as green growth. In others words, when natural capital has the 

higher weight in the production function, the growth dynamics is not broken and capitals 

stocks will not collapse as what Gylfason and Zoega (2006) found in their study. This result 

hold as long as 𝜂 ≤ 1. However, this result appears as a mechanical consequence of the fact 

that, in our model, natural capital is not consumed as this is the case in studies with 

exhaustible resources. When 𝜂 > 1, the preservation of G becomes essential and the dynamics 

is rather similar to those of models with exhaustible resource (there is no consumption of the 

resource, but the stock is not maintained).  

We note, in particular, that high depreciation of capital, as in the case when the man-made 

capital depreciation is based on natural capital, breaks the growth and leads to a steady state. 

Particular cases studied give interesting results. On the one hand, when the capitals have the 

same weight in the production, representative agent has to be impatient (ℎ𝑖𝑔ℎ 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓𝜌) 

when the disservice causes by A on G is insignificant. On the other hand, when the agent is 

very patient and values the future more than the present (ρ≈0), A is positive if and only if the 

weight of G in the production is inferior of that of A (𝛼 < 1/2). However, in this case, the 

positivity of A does not ensure a positive C.  

In this paper we develop a framework to handle this issue and, as stated by Dasgupta (2008), 

we found very limited literature offering insights to guide our work. Representing nature as a 

capital which is neither consumed when involved in production, nor has a “natural” dynamics 
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from itself can be regarded as questionable. But after many different attempts, these choices 

have appeared as the most relevant to study the issue of incorporating properly and simply 

nature’s services into economic dynamics and growth. Indeed, in the long run, the relation 

between economic dynamics and ecosystems is not – at least not only – an issue of 

(renewable) resource provision but of ecosystem services and disservices that may boost or 

hamper economic development. It turns out that ecosystems, when properly preserved, may 

play an important role in economic growth.  

This work therefore provides new arguments for the idea that we should pay greater attention 

to the impacts that productive investments, including the development of territories, impose 

on ecosystems. It shows in particular that the type of interactions between the two forms of 

capital can lead to hinder any growth when the interaction are accelerated by the fact that 

ecosystems were already under pressure and thus unable to provide fundamental regulation 

services. It might be objected that this result is only the consequence of modeling 

assumptions, whose economic significance can be discussed or seen as context specific. But 

we pointed out that these choices were based on a literature increasingly important in 

conservation sciences which demonstrates that such dependence relationships do exist in real 

life situations.  
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Appendix 

Proof of the proposition 1  

From the first order conditions, (2) and (3) give: 

𝑈′(𝐶) = 𝜆𝐺 = 𝜆𝐴 > 0.  (A1.1) 

from (4) and (5), 

𝜌 − 𝐹𝐺 + 𝛿2 =  𝜌 − 𝛼 (
𝐴

𝐺
)

1−𝛼

+ 𝛿2 =  0,  (A1.2) 

𝜌 − 𝐹𝐴 + 𝛿1 + 𝛾 = 𝜌 − (1 − 𝛼) (
𝐴

𝐺
)

−𝛼

+ 𝛿1 + 𝛾 =  0.   (A1.3) 

We have two equations with a single unknown variable  
𝐴

𝐺
 , so there is no steady state unless 

(
𝜌+𝛿2

𝛼
)

1
1−𝛼⁄

= (
𝜌+𝛿1+𝛾

1−𝛼
)

−1
𝛼⁄

 . 

By deriving (2) and (3), 

λ̇A

λA
=

λ̇G

λG
= C

U"

U′
 
Ċ

C
= −

1

𝜂

Ċ

C
   ,  (A2.1)  

with  𝜂 =–
𝑈′(𝐶)

𝑈′′(𝐶)𝐶
 : the inter-temporal elasticity of substitution in consumption.  

From (4), (5) and (A1.1): 

𝜌 − (1 − 𝛼) (
𝐺

𝐴
)

𝛼

+ 𝛿1 + 𝛾 = 𝜌 − 𝛼 (
𝐴

𝐺
)

1−𝛼

+ 𝛿2.  (A2.2)  

Proof of proposition 3  

Now prove that there is a unique solution 𝑥 =
𝐴

𝐺
> 0 of the equation (A2.2): 

remember that  a =  𝛿1 + 𝛾 − 𝛿2 , we are looking for  𝑥 𝜖 (0, ∞) the zero of  



29 
 

𝑓(𝑥) = 𝛼𝑥1−𝛼 − (1 − 𝛼)𝑥−𝛼 + a, 

we have : 

lim
𝑥→0

𝑓(𝑥) = −∞,   lim
𝑥→∞

𝑓(𝑥) = ∞ , 𝑓′(𝑥) = 𝛼(1 − 𝛼)(𝑥−𝛼 + 𝑥−𝛼−1) > 0, 

then there is a unique solution to 𝑓(𝑥) = 0 with 𝑥 > 0. (The function is monotonous and 

crosses the horizontal axis once) 

Some remarks on x: 

 As 𝑓(1) = −1 + 2𝛼 + a, 

α <
1 − a

2
⟹ 𝑥 > 1,   and      α >

1 − a

2
 ⟹ 0 < 𝑥 < 1. 

 We want to knowα influence.  Remember that : 

𝜕𝑥(𝛼)1−𝛼

𝜕𝛼
= 𝑥1−𝛼 (−𝑙𝑛𝑥 + (1 − 𝛼)𝑥−1

𝜕𝑥

𝜕𝛼
),      

𝜕𝑥(𝛼)−𝛼

𝜕𝛼
= 𝑥−𝛼 (−𝑙𝑛𝑥 − 𝛼𝑥−1

𝜕𝑥

𝜕𝛼
), 

Then, by taking into account 𝛼𝑥1−𝛼 − (1 − 𝛼)𝑥−𝛼 + a = 0,       we have: 

𝜕𝑥

𝜕𝛼
= −

𝑥(𝑥1−𝛼+𝑥−𝛼+ln(𝑥)a)

𝛼(1−𝛼)(𝑥1−𝛼+𝑥−𝛼)
  , 

then 

0 < a < 1 − 2𝛼 ⟺
𝜕𝑥

𝜕𝛼
< 0. 

Proof of proposition 2 and 4  

As 𝑥 =
𝐴

𝐺
 is constant, we have: 

�̇�

𝐺
=

�̇�

𝐴
∶= 𝑟, 
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with 𝑟 the growing rate of these variables. 

From dynamics equations, we have 

�̇� = 𝐼𝐺 − 𝛾𝑥𝐺, 

And  

  𝑥�̇� = 𝐼𝐴 − 𝛿1𝑥𝐺 − 𝛿2𝐺, 

Then  

�̇�

𝐺
=

𝐼𝐺

𝐺
− 𝛾𝑥 ⟹

𝐼𝐺

𝐺
= 𝑟 + 𝛾𝑥, 

And  

𝑥
�̇�

𝐺
=

𝐼𝐴

𝐺
− 𝛿1𝑥 − 𝛿2  ⟹

𝐼𝐴

𝐺
= 𝑟𝑥 + 𝛿1𝑥 + 𝛿2 

And   
𝐼𝐺

𝐺
 and 

𝐼𝐴

𝐺
 are constants. Then,  

𝐼�̇�

𝐼𝐺
=

𝐼�̇�

𝐼𝐴
= 𝑟. 

Since  

𝐺𝛼𝐴1−𝛼 = 𝐶 + 𝐼𝐺 + 𝐼𝐴 , 

we have,  

𝑥1−𝛼 =
𝐶

𝐺
+

𝐼𝐺

𝐺
+

𝐼𝐴

𝐺
, 

then,  

𝐶

𝐺
= 𝑥1−𝛼 − (𝑟 + 𝛾𝑥) − (𝑟𝑥 + 𝛿1𝑥 + 𝛿2). 
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By multiplying (A2.2) by 𝑥, we get  𝛾𝑥 = −𝛼𝑥2−𝛼 + (1 − 𝛼)𝑥1−𝛼 − 𝛿1𝑥 + 𝛿2𝑥. 

By replacing 𝛾𝑥 in 
𝐶

𝐺
  , 𝑥1−𝛼 − (𝑟 + 𝛾𝑥) − (𝑟𝑥 + 𝛿1𝑥 + 𝛿2) > 0 𝑖𝑓 𝑟 < 𝛼𝑥1−𝛼 − 𝛿2. 

Remark that if 𝜂 < 1 (10) is true when  𝑟 < 𝛼𝑥1−𝛼 − 𝛿2. 

Moreover, 𝑟 ≔
�̇�

𝐶
 . 

Returning to (4) and (A2.1), 

𝑟 = −𝜂(𝜌 − 𝛼𝑥1−𝛼 + 𝛿2) . 

Some remarks on r 

 Variation relatively to 𝛼  

𝜕𝑟

𝜕𝛼
=  𝜂 [𝑥1−𝛼 + 𝛼𝑥1−𝛼(− ln(𝑥) + (1 − 𝛼)𝑥−1 𝜕𝑥

𝜕𝛼
)]  ,   

 Taking into account  
𝜕𝑥

𝜕𝛼
  given in remark 1 and replacing a , 

𝜕𝑟

𝜕𝛼
=  𝜂𝑥1−𝛼 [1 + 𝛼 (− ln(𝑥) −

𝑥1−𝛼+𝑥−𝛼+ln(𝑥)a

𝛼(𝑥−𝛼+𝑥1−𝛼)
)] =

− 𝜂𝑥1−𝛼𝑥−𝛼 ln(𝑥)

𝑥1−𝛼+𝑥−𝛼  . 

Then  

α <
1 − a

2
⟺    

𝜕𝑟

𝜕𝛼
< 0 ,         α >

1 − a

2
    ⟺   

𝜕𝑟

𝜕𝛼
> 0 . 

 Variation relatively to a 

𝜕𝑟

𝜕a
=

𝑥1−𝛼

𝑥1−𝛼+𝑥−𝛼  ;  then    
𝜕𝑟

𝜕a
> 0 . 
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Proof of proposition 6  

(2) and (3) give : 

𝑈′(𝐶) = 𝜆𝐺 = 𝜆𝐴 > 0,  (A5.1)  

(13) gives: 

𝐼𝐺 = 𝛾𝐴,            𝐼𝐴 = 𝛿𝐺𝐴 , (A5.2) 

(11) and (12) imply that : 

𝜌 − 𝐹𝐺(𝐴, 𝐺) + 𝛿𝐴 = 0,  (A5.3) 

𝜌 − 𝐹𝐴(𝐴, 𝐺) + 𝛿𝐺 + 𝛾 = 0,   (A5.4) 

(A5.3) and (A5.4) give: 

−(1 − 𝛼) (
𝐴

𝐺
)

−𝛼

+ 𝛿𝐺 + 𝛾 = −𝛼 (
𝐴

𝐺
)

1−𝛼

+ 𝛿𝐴;  (A5.5) 

 

And (A5.4) gives:  

𝐺 =
𝐴𝛼

1
(1−𝛼)⁄

(𝛿𝐴+𝜌)
1

(1−𝛼)⁄
, (A5.6) 

replacing (A5.6) we have the following equation for the value of A : 

𝑓(𝐴) = (𝜌 + 𝛾)(𝛿𝐴 + 𝜌)
1

(1−𝛼)⁄
− (1 − 𝛼)𝛼

𝛼
(1−𝛼)⁄ (𝛿𝐴 + 𝜌) + 𝛿𝐴𝛼

1
(1−𝛼)⁄

= 0 .   (A5.7) 

We have the following properties of  f 

𝑓(0) = (𝜌 + 𝛾)𝜌
1

1−𝛼 − (1 − 𝛼)𝛼
𝛼

1−𝛼𝜌  ,  
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with 𝑓(0) ≤ 0 𝑎𝑠𝑠𝑢𝑚𝑒𝑑, 

𝑓′(𝐴) =
𝜌+𝛾

1−𝛼
𝛿(𝛿𝐴 + 𝜌)

1

1−𝛼
−1 − (1 − 𝛼)𝛼

𝛼

1−𝛼 𝛿 + 𝛿𝛼
1

1−𝛼 , 

Moreover it is easy to see that 𝛼
1

1−𝛼⁄ − (1 − 𝛼)𝛼
𝛼

1−𝛼⁄ =  −𝛼
𝛼

1−𝛼⁄ + 2𝛼
1

1−𝛼⁄ > 0 𝑖𝑓 𝛼 >
1

2
 

then 𝑓′(𝐴) > 0. 

Moreover lim𝐴→∞ 𝑓(𝐴) = +∞.  

Then, there is A > 0 solution of (A5.7), and if 𝛼 >
1

2
 then A is unique. 

The steady state is given by (A5.1), (A5.2), (A5.6) and A solution of (A5.7). 

 For 𝜶 = 𝟏
𝟐⁄  

(𝜌 + 𝛾)(𝜌 + 𝛿𝐴)2 −
1

4
(𝜌 + 𝛿𝐴) +

𝛿𝐴

4
= 0;  

(𝜌 + 𝛾)(𝜌 + 𝛿𝐴)2 −
𝜌

4
= 0  

𝐴 =
√

𝜌
𝜌 + 𝛾 − 2𝜌

2𝛿
 

𝐴 > 0  ⟺   √
𝜌

𝜌 + 𝛾
− 2𝜌 > 0  ⟺   

𝜌

𝜌 + 𝛾
> 4𝜌2   ⟺   4𝜌2 + 4𝛾𝜌 − 1 < 0; 

𝜌1 = −4𝛾 −
√16𝛾2+16

𝛾
             and      𝜌2 = −4𝛾 +

√16𝛾2+16

𝛾
 

Then  𝐴 > 0  ⟺ 0 < 𝜌 < 𝜌2 

 Estimations when 𝝆 ≈ 𝟎 

if 𝜌 = 0, then the equation that gives the value of A becomes : 
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𝛾(𝛿𝐴)
1

1−𝛼⁄ − (1 − 𝛼)𝛼
𝛼

1−𝛼⁄ (𝛿𝐴) + 𝛿𝐴𝛼
1

1−𝛼⁄ = 0  

⟺ 𝛿𝐴 (𝛾𝛿𝐴 
1

1−𝛼⁄ −1 − (1 − 𝛼)𝛼
𝛼

1−𝛼⁄ + 𝛼
1

1−𝛼⁄ ) = 0  

⟺ 𝐴 = 0  𝑜𝑟  𝛾(𝛿𝐴)
𝛼

1−𝛼⁄ = (1 − 𝛼)𝛼
𝛼

1−𝛼⁄ − 𝛼
1

1−𝛼⁄  . 

Then 𝐴 > 0 ⟺ 0 < α <
1

2
 

Moreover when   0 < 𝛼 <
1

2
 ; C > 0. In fact,  

C > 0 if 𝐴 [(
𝐺

𝐴
)

𝛼

− 𝛾 − 𝛿𝐺] > 0  ⟺
𝛼

𝛼
1−𝛼⁄

(𝛿𝐴)
𝛼

1−𝛼⁄
− 𝛾 −

𝛿𝐴𝛼
1

1−𝛼⁄

(𝛿𝐴)
1

1−𝛼⁄
> 0  

⟺
1

(𝛿𝐴)
𝛼

1−𝛼⁄
 [𝛼

𝛼
1−𝛼⁄ − 𝛾(𝛿𝐴)

𝛼
1−𝛼⁄ − 𝛼

1
1−𝛼⁄ ] =

1

(𝛿𝐴)
𝛼

1−𝛼⁄
 [𝛼

𝛼
1−𝛼⁄ − (1 − 𝛼)𝛼

𝛼
1−𝛼⁄ ] > 0  

⟺ 𝛼
1

(𝛿𝐴)
𝛼

1−𝛼⁄
 𝛼

𝛼
1−𝛼⁄ > 0 . 

 


